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/1. Introduction: Background and Gois \

e Mechanized theorem-proving:
— Interactive HOL: HOL-1V, Isabelle, ProofPower, Coq, PV8.et
— Automatic: SMT systems, QEPCAD, etc.
— Inside CAS: REDLOG, Chiron, etc.

e Applications:
— Engineering: e.qg., safety-critical control systems iroaias

— Mathematics: e.g., Hales’s Flyspeck project
e Continuous structures: e.g. metric spaces or real vectmesp

e What useful theories or fragments of theories are deci@able

e Undecidability results focus attention on useful fragment
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/I\/Iotivation: Formal Development of Analy#’

~

e If p, g andr are INR, standard automation will prove things like:

p—ql=dAN|p—r|<d/2=|qg—71|>d/2

e What ifp, ¢ andr are inC?

o All that matters is tha€ = R?, so what abouR" for anyn?

/
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/2. The First-Order Theory of the Reis \

e Single-sorted first-order language; with a sortR and:

— Field operations=: R —- R,+, X : R xR =R
— Constantsm/n (n # 0, m,n € N) (or just 0 and 1)
— Ordering: <

e Intended interpretation: the real numb&s

e The theory of thel z-structureR is decidable (Tarski 1930s).

e Practical implementations based on C.A.D. by Collins 1970s
e Theory has many models, e.g., the figldf real algebraic numbers

e First-order language insensitive to metric completeness

- /
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/3. Metric Spaces: Basic Concers \

e L)/ IS atwo-sorted expansion dfz with a sort) of points

e Metric function:d : V xV — R
- Vxy d(x,y) > 0N (d(x,y) =0 x=Y)
- Vxy-d(x,y) = d(y, x)
— Vxyzdx,z) <dxy)+dy,z).
e Recall the second-order notion of metric completencess:

— Sayx,,n =1,2,...Is a Cauchy sequence if:
Ve > 0-AN-Vm,n-m >n > N = d(Xm,Xn) < €

— A space igretric complete if every Cauchy sequence converges

— E.g., the usual metric in the plaifie.

\o Metric completeness has first-order consequences /
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/I\/Ietrlc Spaces: Consequences of Incompletefess

This metric spac®I C R? is incomplete.
Define a sequenge,,, whereP (27", p,,) with

P(z,p) = (@a-q#pAdp,q) =)
A (Ya-q#p=d(p,q) > )
There is a sentenck in £,; which says:
“p,, Is Cauchy and has no limit”.
So R is true inM,
. but not in its completiod U {(0,0)},
. Or in any complete metric space.

But metric completeness isn’t axiomatisable.

/
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/I\/Ietric Spaces: A Decidable Fragmej I \

Theorem: Let P be andV sentence in the languads,, of metric spaces,
sayP = dxq,...,x,- Q whereQ is aVv formula. ThenP has a model iff
it has a finite model with at mostiax{n, 1} points.

Proof (Cf. Bernays-Scbinfinkel) Letp., ..., p., list the variables of so¥
amongst ther;. Can assumé < m < n. If P has a model, then there is a metric
spaceM containing point$1, ..., p» such that) holds ofps, ... p,.. Because
Q is aV formula, the subspacfp, ..., pn} Of M is also a model of” and it is
finite and has at mostax{n, 1} points.m

Corollary: The set of satisfiabléV sentences it 5, is decidable.

Proof. Let P and@ andp.,..., p. be as above() and the axioms for a metric
space amount to a first-order system of constraints exptessithe languagé€ r
on them? quantitiesd;; = d(p:, p;). P is satisfiable iff this system of
@nstraints Is satisifiable and that is decidable by Tasski. /
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/I\/Ietric Spaces: A Decidable Fragmen'll \

Corollary: TheVd fragment of the theory of metric spaces is decidable|

Proof. If Ris anVdsentence, thenR is logically equivalent to aav sentence
that is unsatisfiable iff is valid. m

e The additive fragment of p can be decided quite efficiently.
e The metric space axioms don’t introduce multiplication.
e Harrison has an implementation for the additiefragment.

Theadditive fragment bans<. In Lg this is often calledinear arithmetic.

. /
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/4. Vector Spaces, Hilbert Spaces etc.: Executive Sumi‘ary \

e Consider vector spaces often with a norm or an inner product

e Work with or without assumption of metric completeness:
— Complete normed space = Banach space

— Complete inner product space = Hilbert space

e ...and with or without constraints on dimension:

— IP, IP™, IP¥, IP>°, HS, HS™, HS", HS°°,
NS, NS™, NS¥, NS>, BS, BS™, BS" & BS*®

e Theories for inner product spaces and Hilbert spaces are all
decidable.

e Apart fromNS*' = BS' = IP', theories for normed spaces and

\ Banach spaces are highly undecidable. /

10



Decisions Problems in Geometry and Analysis

-

KFhe Formal Languagesy, £; andLy I

Expandl z by adding a new soi¥ for vectors.

Ly (vector spaces) adds group operations:
—: V-V, 4+:VxV-=>YV

and scalar multiplication:
X :RXxV—V.

Ly (normed spaces) adds £Q, a norm:
-] : VYV — R.

L (inner product spaces) adds4g@; an inner product:

(L, ) VXV —->TR

with the norm required to be euclidediw|| = \/(v, v).

View L andL; as expansions af 5, by defining
d(p,q) = ||p — d||.

11
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/Some Example' \

e Models are vector spaces or inner product spaces or nornaeesp

overR
e E.g.,R” whereifv = (vy,...,v,) andw = (wq,...,w,)
—v=(—v1,...,— V), V+wW= (v +w,...,v,+ wy)

e Spaces of real-valued functions provistedimensional examples:

AV = (Mg, .. vy),  (vyw) = D00 vw;.

E.g..C ={f:]0,1] — R | fis continuou$ with
(=N)x) = =f(x), (f+9)(x)=flx)+g(z)
(Af)( ) = (f(a:))

fo x)dx gives an inner product off

— Hf|| = sup{\f( )| | = € [0, 1]} gives a non-euclidean norm @h

/
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/ What canly or £; say about a spaci?

With & vector variables you can specify the dimension is at nhost

k
D<p :=3vy,...,vg-Vv-3Ja,...,ax v = g a;Vi
1=1

or at least::

k n
DZk::E|V1,...,Vk'Va1,...,ak° E a,q;Vq;:O:>/\CLZ':O

model iff it has a finite-dimensional model of dimensiagh &

Proof. A kind of quantifier elimination. See SA&M.
It follows with a little more work that any sentence is eqlevd to a
\propositional combination of the variod$<; andD>.

Theorem A sentence oL’y or £; containingk vector variables has a

/
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/Inner Product Spaces and Hilbert Spaces are Deci@able

~

Corollary The theoriesP, IPY, IP>°, HS, HS" & HS™ are all decidable.

l.e.,
for RY test:
for R! test:

& for R? test:

where

Proof To decide a sentence withvector variables, test it iR™ for0 <n < k
using coordinates to reduce f; =

E.g., to decide: Vp,q- (p,p) =(q,q9) =(p+q,Pp+q)/4=p=aq,

vp,a-||pl| = llal| = [[(p +a)/2|| = p = q,

0=0=0=0=0,

pi=¢ =m+aq)/4=pm=q,

Pi+pi =g+ =(p1+q)*+ (p2+q)*)/4
= P1 = q1 NP2 = g2,

P1,P2,q1,q2 € R.

14
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/Geometry of Normed Spac's

e Many norms orR™, e.g., the 1-norm or Manhattan taxi norm:
VI, = > i vl
e Think of the norm as “cost of travel” in each direction

e Theunit disc or spherein a normed space isv | ||v|| < 1}.
— Circular disc inR? under the standard norm
— Meets each line throughiin [—p, +p] for somep # 0

PN
N

~

— Any convex set with the above property determines a norm

/
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/Expressive power af_|| I

e In a general normed space, points on the unit circle needenot b

extreme points:

E(v) = |[lv|][=1A

Vuw: |[ul| <1TA|w||<1IAv=(u+W)/2=u=w

¢ |f the dimension is finite, the Krein-Milman theorem impligst the

unit disc is the convex hull of its extreme points.

e But the following sentence has models:

Inf := (Iv- v # 0) A (Vv =E(Vv)).

~

/
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/A method for proving undecidability' \

Work in some languagg€ including Lr. An L-structure isstandard if it interprets
R asR. Given a formulaN (z) in £ x : R as its only free variable, define:

Peano := N(0)A
(V- N(x) =2z >0AN(z+1)) A
(Vo y Nx)ANy) ANz Fy=|z—y[>1)
Let A be a standard-structure satisfyindPeano. ThenN(z) holds inA iff z is

interpreted as a natural number. I(gtz1, . . ., x,) be any quantifier-free formula
in the language&’ 4 of natural number arithmetic. Then

NEdrr...zn Q(x1,...,Tn)
iff
AEdr...xn N(xi) A ... N(zn) NQ(z1,...,20)

- /
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e To prove undecidability of the theory of a class of strucsutenee
justonestructureA in which someN (z) in £ definesN. For then:

NEdr:...zn Q(x1,...,Tn)
iff
CEPeano= 3x1...xn N(z1) A ... N(xn) ANQ(x1,...,20)
and satisfiability for quantifier-free formulas iy is undecidable

the famous resolution of Hilbertt! problem by Matiyasevich.

e E.g., metric spaces are undecidable: tdke N.

second-order arithmetic to the theory of the class of atinest.

\. Can we defin&N in a normed space?

/A method for proving undecidability ' \

e The same data and a more involved argument give a reduction of

d

by

/
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/Can we definéN? ... Yes, we ca

W

Choosew; so that||w;
Theni +1 =

w [wi —wal <3272, 5
andx € N iff N(x) where:

— Wz'—1|| = %
[|lw;—w; _1]|

||Wz—|—1 W7,|| !

N(x) :=
r=0Vx=1Vex =2V
Juvw vEwA
3< o= ezl
E(u) AE(v) AE(wW) A
I+ v)/2l] = (v + w)/2l = 1

\BS” for n > 2 are all undecidable.

—e—2<1,

SoNS? = BS?, NS" = BS", NS, BS and (with a bit more workNS™ and

/
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/Decidable fragments for Normed Spafs

e Thedfragment ofNS is decidable but rather trivial.
e ThedV andVd fragments are undecidable.

Theorem The set ofv sentences in the theoN5S is decidable.

whose unit sphere is a polyhedron; Existence of the polyregrduces to a
system of constraints expressibledR. =

linear programming technique.

the motivating problems

-

Proof (highlights): Every satisfiabled formula is satisfiable in a normed space

e The additivev fragment is particularly tractable via a parametrised

e Harrison has an implementation in HOL Light that can solveynaf

/
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/Zero-th Order Real Number Theorem Provrg

Interesting and of practical relevance to consider expanthe set of
constants available i6 i to larger effective subfields @&:

e Q Q[\pr/q|p qeN,q#0] —easy

e A = Q[RealRoots(f) | f € Q[X]]
the ring of all algebraic numbers — doable, hard-ish

e A = A[RealRoots(f) | f € A[X]] — doable, harder
e Qle], Q[w] — doable, hard-ish
e Ale], A[r] — doable, harder still

e Qle, w] — very difficult open question: Schanuel’s conjecture

-

~
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/5. A Little Challenge. Can we encodm in a bounded concave?. \

g=p(s,sins)

/4 p—

e(z,y) = (% 15)
SO (@) = qlg(p(x)))
where p(z) = %=, q(s)= T
and g(s) = Ks+s*+ i:sins

Question: do any andM in Ny, make~y concave?

. /
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/Encodingsin In a bounded concave Il I

Answer: yes! Here are, + and~” for K = M = 1:
2 e ——————————
L
b
B e
IR
e
o
IR
S
7 B s bl

Can youprove v <

07?

/
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/Encodingsin In a bounded concave lll I \

Answer: ah! well, I have a pen & paper proof far = 2 andM > 9:

3 preTr T T e e T T T e .

E . . . . ammaO(x E
gamma
DDgamma

X
X .

24

Challenge: is there any automation to help out ther
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KFhe challenge problem as a trigonometric polynojial \

e ~ IS atrigonometric rational function.

o With s = =, 7" (z) has the same sign ass) where

h(s) = (14+Ks+s*+22)[(1+4s)(2—202)+ 2K 4 4s + 22
—2(1+ 8)(K + 2s 4 <=2)2,

e Solved by Tobias Nipkow for s if0, ¢) for reasonably large using a
procedure of Johannek| in Isabelle based on interval arithmetic.

e Solved by Amine Chaieb fof in (¢, co) for large enougle using a
procedure of his in Isabelle based on sums-of-squares.

e Larry Paulson’s MetiTarski which combines resolution with
QEPCAD is a contender but encounters some unresolved pnele

\ parts of the range. /
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TFTAU:
e \ector spaces oveR equipped with an endomorphism.
e Ditto but even with scalars i@ and the endomorphism unitary.
e Banach algebras (Maclintyre 1971)
e Finite-dimensional associative algebras aRer

e Finite-dimensional Lie algebras ovr

-

/6. Concluding Remarks: Some More Undecidable Thejies \

* The other claims are all fairly straightforward exercised aome follow from
results proved or cited by Maclntyre (Annals of Mathematiaagic, 3(3). 1971).

/
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/Final Remarki

e Good to see real progress on proof automation.
there are lots of interesting problems out there.

that are in vogue in the model theory of Banach spaces.

Thank you!

Slides available at
\ht tp:// www. | enma- one. conl paper s/ papers. ht n

¢ | hope this work will inform future practical and theoretie#ork —

e An interesting possibility is weaker logics, e.g., the coambus logics

~
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