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1. Introduction: Background and Goals

• Mechanized theorem-proving:

– Interactive HOL: HOL-IV, Isabelle, ProofPower, Coq, PVS etc.

– Automatic: SMT systems, QEPCAD, etc.

– Inside CAS: REDLOG, Chiron, etc.

• Applications:

– Engineering: e.g., safety-critical control systems in avionics

– Mathematics: e.g., Hales’s Flyspeck project

• Continuous structures: e.g. metric spaces or real vector spaces

• What useful theories or fragments of theories are decidable?

• Undecidability results focus attention on useful fragments
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Motivation: Formal Development of Analysis

• If p, q andr are inR, standard automation will prove things like:

|p − q| = d ∧ |p − r| < d/2 ⇒ |q − r| > d/2

• What if p, q andr are inC?

> d/2

d/2
p d

r

q

• All that matters is thatC = R2, so what aboutRn for anyn?
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2. The First-Order Theory of the Reals

• Single-sorted first-order languageLR with a sortR and:

– Field operations:− : R → R, +,× : R×R → R

– Constants:m/n (n 6= 0, m, n ∈ N) (or just 0 and 1)

– Ordering:<

• Intended interpretation: the real numbersR.

• The theory of theLR-structureR is decidable (Tarski 1930s).

• Practical implementations based on C.A.D. by Collins 1970s.

• Theory has many models, e.g., the fieldA of real algebraic numbers

• First-order language insensitive to metric completeness
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3. Metric Spaces: Basic Concepts

• LM is a two-sorted expansion ofLR with a sortV of points

• Metric function:d : V × V → R

– ∀x y· d(x,y) ≥ 0 ∧ (d(x,y) = 0 ⇔ x = y)

– ∀x y· d(x,y) = d(y,x)

– ∀x y z· d(x, z) ≤ d(x,y) + d(y, z).

• Recall the second-order notion of metric completencess:

– Sayxn, n = 1, 2, . . . is a Cauchy sequence if:

∀ǫ > 0· ∃N · ∀m, n· m > n > N ⇒ d(xm,xn) < ǫ

– A space ismetric complete if every Cauchy sequence converges

– E.g., the usual metric in the planeR2.

• Metric completeness has first-order consequences
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Metric Spaces: Consequences of Incompleteness

(0, 2      )−n+2
pn

pn+1

pn+2

2

(0, 0)

−n

This metric spaceM ⊆ R2 is incomplete.

Define a sequencepn, whereP(2−n,pn) with

P(x,p) := (∃q· q 6= p ∧ d(p,q) = x)

∧ (∀q· q 6= p ⇒ d(p,q) ≥ x).

There is a sentenceR in LM which says:

“pn is Cauchy and has no limit”.

SoR is true inM,

. . . but not in its completionM ∪ {(0, 0)},

. . . or in any complete metric space.

But metric completeness isn’t axiomatisable.
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Metric Spaces: A Decidable Fragment I

Theorem: Let P be an∃∀ sentence in the languageLM of metric spaces,

sayP ≡ ∃x1, . . . , xn· Q whereQ is a∀ formula. ThenP has a model iff
it has a finite model with at mostmax{n, 1} points.

Proof (Cf. Bernays-Scḧonfinkel) Letp1, . . . ,pm list the variables of sortV

amongst thexi. Can assume1 ≤ m ≤ n. If P has a model, then there is a metric

spaceM containing pointsp1, . . . ,pm such thatQ holds ofp1, . . .pm. Because

Q is a∀ formula, the subspace{p1, . . . ,pm} of M is also a model ofP and it is

finite and has at mostmax{n, 1} points.

Corollary: The set of satisfiable∃∀ sentences inLM is decidable.

Proof. Let P andQ andp1, . . . ,pm be as above.Q and the axioms for a metric

space amount to a first-order system of constraints expressible in the languageLR

on them2 quantitiesdij = d(pi,pj). P is satisfiable iff this system of

constraints is satisifiable and that is decidable by Tarski.
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Metric Spaces: A Decidable Fragment II

Corollary: The∀∃ fragment of the theory of metric spaces is decidable.

Proof. If R is an∀∃ sentence, then¬R is logically equivalent to an∃∀ sentence

that is unsatisfiable iffR is valid.

• The additive fragment ofLR can be decided quite efficiently.

• The metric space axioms don’t introduce multiplication.

• Harrison has an implementation for the additive∀∃ fragment.

Theadditive fragment bans×. In LR this is often calledlinear arithmetic.
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4. Vector Spaces, Hilbert Spaces etc.: Executive Summary

• Consider vector spaces often with a norm or an inner product

• Work with or without assumption of metric completeness:

– Complete normed space = Banach space

– Complete inner product space = Hilbert space

• . . . and with or without constraints on dimension:

– IP, IPn, IPF, IP∞, HS, HS
n, HS

F, HS
∞,

NS, NS
n, NS

F, NS
∞, BS, BS

n, BS
F & BS

∞

• Theories for inner product spaces and Hilbert spaces are all

decidable.

• Apart fromNS1 = BS1 = IP1, theories for normed spaces and

Banach spaces are highly undecidable.
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The Formal LanguagesLV , LI andLN

• ExpandLR by adding a new sortV for vectors.

• LV (vector spaces) adds group operations:

− : V → V , + : V × V → V

and scalar multiplication:

× : R× V → V.

• LN (normed spaces) adds toLV a norm:

|| || : V → R.

• LI (inner product spaces) adds toLN an inner product:

〈 , 〉 : V × V → R

with the norm required to be euclidean:||v|| =
√

〈v,v〉.

• View LN andLI as expansions ofLM by defining

d(p,q) := ||p− q||.
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Some Examples

• Models are vector spaces or inner product spaces or normed spaces

overR

• E.g.,Rn where ifv = (v1, . . . , vn) andw = (w1, . . . , wn)

−v = (−v1, . . . ,−vn), v + w = (v1 + w1, . . . , vn + wn)

λv = (λv1, . . . , λvn), 〈v,w〉 =
∑n

i=1
viwi.

• Spaces of real-valued functions provide∞-dimensional examples:

E.g.,C = {f : [0, 1] → R | f is continuous} with

(−f)(x) = −f(x), (f + g)(x) = f(x) + g(x),

(λf)(x) = λ(f(x))

– 〈f, g〉 =
∫ 1

0
f(x)g(x)dx gives an inner product onC

– ||f || = sup{|f(x)| | x ∈ [0, 1]} gives a non-euclidean norm onC.
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What canLV orLI say about a space?

With k vector variables you can specify the dimension is at mostk:

D≤k := ∃v1, . . . ,vk· ∀v· ∃a1, . . . , ak· v =

k
X

i=1

aivi

or at leastk:

D≥k := ∃v1, . . . ,vk· ∀a1, . . . , ak·

k
X

i=1

aivi = 0 ⇒

n̂

i=1

ai = 0

Theorem A sentence ofLV orLI containingk vector variables has a

model iff it has a finite-dimensional model of dimension≤ k

Proof. A kind of quantifier elimination. See SA&H.

It follows with a little more work that any sentence is equivalent to a

propositional combination of the variousD≤k andD≥k.
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Inner Product Spaces and Hilbert Spaces are Decidable

Corollary The theoriesIP, IPF, IP∞, HS, HSF & HS∞ are all decidable.

Proof To decide a sentence withk vector variables, test it inRn for 0 ≤ n ≤ k

using coordinates to reduce toLR

E.g., to decide: ∀p,q· 〈p,p〉 = 〈q,q〉 = 〈p + q,p + q〉/4 ⇒ p = q,

i.e., ∀p,q· ||p|| = ||q|| = ||(p + q)/2|| ⇒ p = q,

for R0 test: 0 = 0 = 0 ⇒ 0 = 0,

for R1 test: p2
1 = q2

1 = (p1 + q1)
2/4 ⇒ p1 = q1,

& for R2 test: p2
1 + p2

2 = q2
1 + q2

2 = ((p1 + q1)
2 + (p2 + q2)

2)/4

⇒ p1 = q1 ∧ p2 = q2,

where p1, p2, q1, q2 ∈ R.
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Geometry of Normed Spaces

• Many norms onRn, e.g., the 1-norm or Manhattan taxi norm:
||v||

1
=

∑n
i=1

|vi|

• Think of the norm as “cost of travel” in each direction

• Theunit disc or sphere in a normed space is{v | ||v|| ≤ 1}.

– Circular disc inR2 under the standard norm

– Meets each line through0 in [−p, +p] for somep 6= 0

– Any convex set with the above property determines a norm
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Expressive power of|| ||

• In a general normed space, points on the unit circle need not be
extreme points:

E(v) := ||v|| = 1 ∧

∀u w· ||u|| ≤ 1 ∧ ||w|| ≤ 1 ∧ v = (u + w)/2 ⇒ u = w

• If the dimension is finite, the Krein-Milman theorem impliesthat the

unit disc is the convex hull of its extreme points.

• But the following sentence has models:

Inf := (∃v· v 6= 0) ∧ (∀v· ¬E(v)).
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A method for proving undecidability I

Work in some languageL includingLR. An L-structure isstandard if it interprets

R asR. Given a formulaN(x) in L x : R as its only free variable, define:

Peano := N(0) ∧

(∀x· N(x) ⇒ x ≥ 0 ∧ N(x + 1)) ∧

(∀x y· N(x) ∧ N(y) ∧ x 6= y ⇒ |x − y| ≥ 1)

Let A be a standardL-structure satisfyingPeano. ThenN(x) holds inA iff x is

interpreted as a natural number. LetQ(x1, . . . , xn) be any quantifier-free formula

in the languageLA of natural number arithmetic. Then

N |= ∃x1 . . . xn· Q(x1, . . . , xn)

iff

A |= ∃x1 . . . xn· N(x1) ∧ . . . N(xn) ∧ Q(x1, . . . , xn)
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A method for proving undecidability II

• To prove undecidability of the theory of a class of structuresC, need
just onestructureA in which someN(x) in L definesN. For then:

N |= ∃x1 . . . xn· Q(x1, . . . , xn)

iff

C |= Peano ⇒ ∃x1 . . . xn· N(x1) ∧ . . . N(xn) ∧ Q(x1, . . . , xn)

and satisfiability for quantifier-free formulas inLA is undecidable by

the famous resolution of Hilbert’s10th problem by Matiyasevich.

• E.g., metric spaces are undecidable: takeA = N.

• The same data and a more involved argument give a reduction of
second-order arithmetic to the theory of the class of structuresC.

• Can we defineN in a normed space?
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Can we defineN? . . . Yes, we can!

w
2

w
3

w
4

1
w

Choosewi so that||wi − wi−1|| = 1

i!

Theni + 1 =
||wi−wi−1||

||wi+1−wi||
,

||wi − w1|| <
P∞

j=2

1

j!
= e − 2 < 1,

andx ∈ N iff N(x) where:

N(x) :=

x = 0 ∨ x = 1 ∨ x = 2 ∨

∃u v w· v 6= w ∧

3 ≤ x = ||v−u||
||w−v||

∧

E(u) ∧ E(v) ∧ E(w) ∧

||(u + v)/2|| = ||(v + w)/2|| = 1

SoNS2 = BS2, NSF = BSF, NS, BS and (with a bit more work)NSn and

BSn for n > 2 are all undecidable.
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Decidable fragments for Normed Spaces

• The∃ fragment ofNS is decidable but rather trivial.

• The∃∀ and∀∃ fragments are undecidable.

Theorem The set of∀ sentences in the theoryNS is decidable.

Proof (highlights): Every satisfiable∃ formula is satisfiable in a normed space

whose unit sphere is a polyhedron; Existence of the polyhedron reduces to a

system of constraints expressible inLR.

• The additive∀ fragment is particularly tractable via a parametrised

linear programming technique.

• Harrison has an implementation in HOL Light that can solve many of

the motivating problems
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Zero-th Order Real Number Theorem Proving

Interesting and of practical relevance to consider expanding the set of

constants available inLR to larger effective subfields ofR:

• Q, Q[
√

p/q | p, q ∈ N, q 6= 0] — easy

• A = Q[RealRoots(f) | f ∈ Q[X ]]

the ring of all algebraic numbers – doable, hard-ish

• A = A[RealRoots(f) | f ∈ A[X ]] — doable, harder

• Q[e], Q[π] — doable, hard-ish

• A[e], A[π] — doable, harder still

• Q[e, π] — very difficult open question: Schanuel’s conjecture
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5. A Little Challenge. Can we encodesin in a bounded concaveγ?

g = p(s, sin s)γ e

e(x, y) = ( x
1−x

, y
1−y

)

so γ(x) = q(g(p(x)))

where p(x) = x
1−x

, q(s) = s
1+s

and g(s) = Ks + s2 + 1

M
sin s

Question: do anyK andM in N>0 makeγ concave?
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Encodingsin in a bounded concaveγ. II

Answer: yes! Here areγ, γ′ andγ′′ for K = M = 1:

DDgamma(x)

−6

−5

−4

−3

−2

−1

 0

 1

 2

 0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

gamma0(x)
Dgamma(x)

−7

Can youprove γ′′ < 0?



Decisions Problems in Geometry and Analysis 24'

&

$

%

Encodingsin in a bounded concaveγ. III

Answer: ah! well, I have a pen & paper proof forK = 2 andM ≥ 9:

DDgamma(x)

−4

−3

−2

−1

 0

 1

 2

 3

 0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

gamma0(x)
Dgamma(x)

−5

Challenge: is there any automation to help out there?
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The challenge problem as a trigonometric polynomial

• γ is a trigonometric rational function.

• With s = x
1+x

, γ′′(x) has the same sign ash(s) where

h(s) = (1 + Ks + s2 + sin s
M

)[(1 + s)(2 − sin s
M

) + 2K + 4s + 2cos s
M

]

− 2(1 + s)(K + 2s + cos s
M

)2.

• Solved by Tobias Nipkow for s in(0, c) for reasonably largec using a

procedure of Johannes Hölzl in Isabelle based on interval arithmetic.

• Solved by Amine Chaieb fors in (c,∞) for large enoughc using a

procedure of his in Isabelle based on sums-of-squares.

• Larry Paulson’s MetiTarski which combines resolution with

QEPCAD is a contender but encounters some unresolved problems in

parts of the range.
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6. Concluding Remarks: Some More Undecidable Theories

TFTAU:

• Vector spaces overR equipped with an endomorphism.

• Ditto but even with scalars inC and the endomorphism unitary.

• Banach algebras (MacIntyre 1971)∗.

• Finite-dimensional associative algebras overR.

• Finite-dimensional Lie algebras overR.

∗ The other claims are all fairly straightforward exercises and some follow from

results proved or cited by MacIntyre (Annals of Mathematical Logic, 3(3). 1971).
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Final Remarks

• Good to see real progress on proof automation.

• I hope this work will inform future practical and theoretical work —

there are lots of interesting problems out there.

• An interesting possibility is weaker logics, e.g., the continuous logics

that are in vogue in the model theory of Banach spaces.

Thank you!

Slides available at

http://www.lemma-one.com/papers/papers.html


