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Decidability for theories of real arithmetic

• Truth in the first order languageLR of R is decidable (Tarski).

• If N(x) ⇔ x ∈ N, then truth inLR + N is undecidable since if
Q(x1, . . . , xk) is a quantifier-free formula of natural number arithmetic

N |= ∃x1 . . . xn· Q(x1, . . . , xn) (i)

iff

R |= ∃x1 . . . xn· N(x1) ∧ . . . N(xn) ∧ Q(x1, . . . , xn) (ii)

and the truth of(i) is undecidable in general (Matiyasevich).

• E.g., truth inLR + sin is undecidable sinceN(x) ⇔ x ∈ N where

N(x) := x ≥ 0 ∧ ∃π· 0 < π < 4 ∧ sin π = sin xπ = 0

• What otherf make truth inLR + f undecidable?
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Encodingsin in a bounded concaveγ. I

g = p(s, sin s)γ e

e(x, y) = ( x
1−x

, y

1−y
)

so γ(x) = q(g(p(x)))

where p(x) = x
1−x

, q(s) = s
1+s

and g(s) = Ks + s2 + 1

M
sin s

Question: do anyK andM makeγ concave?
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Encodingsin in a bounded concaveγ. II

Answer: yes! Here areγ, γ′ andγ′′ for K = M = 1:
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Can youprove γ′′ < 0?
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Encodingsin in a bounded concaveγ. III

Answer: ah! well, I can prove it forK = 2 andM ≥ 9:

DDgamma(x)
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Challenge: is there any automation to help out there?
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The challenge problem as a trigonometric polynomial

• γ is a trigonometric rational function.

• If trigonometric polynomials are more to your taste, puts = x
1+x

, and
thenγ′′(x) has the same sign ash(s) where

h(s) = (1 + Ks + s2 + sin s

M
)[(1 + s)(2 − sin s

M
) + 2K + 4s + 2cos s

M
]

− 2(1 + s)(K + 2s + cos s

M
)2.

• If you forget the formulas, you can find these slides at

http://www.lemma-one.com/papers/papers.html
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Remarks

• The classical method for this kind of problem is to find polynomial

bounds, subdividing the interval if necessary.

• Happily, we were free to use more convenient values forK andM .

• Some types of problem should be well suited to automation. . .

• . . . but what are the useful decidable fragments?

• Paulson’s MetiTarski system is very promising, but didn’t solve the

little challenge “out of the box”.


