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Lemma 1 Ltd. Theorems on Finiteness(Draft) 3
1 INTRODUCTION

This document contains some proofs which are mainly concerned with finiteness as defined in the
theory fin_set supplied as part of the ProofPower-HOL system. Some miscellaneous material about
certain other concepts defined in the ancestors of fin_set is also provided.

The material displays several aspects of the use of ProofPower-HOL., including:

1. Proof of an induction theorem and its use to produce an induction tactic.

2. Proof of a theorem for use as a rewrite rule to “compute” values of a function in certain useful
special cases (namely the minimum function Min applied to set displays whose elements are
numeric constants).

Note that the proofs are typically packaged in the following style:
Example

val blah_blah_thm = save_thm(" fin_set_induction_thm", (
push_goal([], (x Statement of theorem x));

(* Rest of subgoal package command script goes here x)
pop-thm()

);

To experiment with such a proof interactively simply omit the first line. I.e. cut-and-paste the
push_goal command into the ProofPower-HOL window followed by the subgoal package commands
(which are almost invariably just tactic applications of the form af(...)) modifying these as you wish.
To finish the proof off either cut-and-paste the pop_thm line followed by a semi-colon (if you have
completed the proof) or abandon the proof attempt with drop_main_goal.

2 PREAMBLE

SML
‘ open_theory" fin_set";
‘ new_theory" fin_thms";

‘set_pc“hol";
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3 THE THEOREMS

3.1 Induction over Finite Sets

SML
val fin_set_induction_thm = save_thm(" fin_set_induction_thm", (
push_goal([], ™
VPe P {} N (Va zea € Finite NP a N -z € a = P({z} U a))
= Vaea € Finite = P a

|

a(REPEAT strip_tac);

a(asm_ante_tac™a € Finite™);

a(REPEAT strip_tac);
a(spec_nth_asm_tac 1 "{b | b € Finite N P b}");

(% #xx Goal "1" #xx x)

)
(
(
a(rewrite_tac[get_spec” Finite]);
(
(

a(swap_asm_concl_tac "= {} € Finite™);
a(rewrite_tac[get_spec” Finite]);
a(PC_T "holl" (REPEAT strip_tac));
(% sk Goal "2" sxx k)
a(swap_asm_concl_tac "a’' € Finite™);
a(asm_ante_tac "= {z} U o/ € Finite™);
a(PC_T "holl" (contr_tac));
a(spec_nth_asm_tac 1 "s7);

(x xxx Goal "2.1" sxx x)
a(list_spec_nth_asm_tac 5 ["a"7, "2'7));
(% #xx Goal "2.2" skk %)

a(list_spec_nth_asm_tac 4 ["a'7, Tz7));

(

a(rewrite_tac|get_spec” Finite™]);
(
(

(x skk Goal "3" sxx %)

a(swap_asm_concl_tac "= P ({z} U a’)7);
a(cases_tac"z € a'7);

(% *xx Goal "3.1" skk %)

a(LEMMA_T™{z} U o' = &7 asm_rewrite_thm_tac);
a(PC_T "holl" (REPEAT strip_tac));
a(asm_rewrite_tacl]);

(% *xx Goal "3.2" skk %)
a(list_spec_nth_asm_tac 6 ["a'", "z7);
pop-thm()

);
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SML
‘Ual fin_set_induction_tac : TACTIC =

‘ gen_induction_tacl fin_set_induction_thm;

3.2 Theorems about Min

SML

val min_thm = save_thm("min_thm", (

push_goal([], "Ym aem € a = Min a € a N Min a < m™);

a(REPEAT V_tac THEN =_tac);

a(strip_asm_tac (rewrite_rule[](V-elim™(\jeoj € a)7<_well_order_thm))
THEN asm_prove_tacl]);

(¢ skk Goal "1" sxx %)

a(strip_asm_tac (list_¥_elim["m'7, "a7|(get_spec” Min™)));

(% #xx Goal "1.1" skk %)

a(asm_prove_tacl]);

(% #xx Goal "1.2" skx x)

a(asm_rewrite_tac[] THEN REPEAT strip_tac);

(% *xx Goal "2" sxx x)

a(strip_asm_tac (list_V_elim["m'", "a™](get_spec” Min™)));

(% #xx Goal "2.1" skx x)

a(asm_prove_tacl));

(% *xx Goal "2.2" skk %)

a(asm_rewrite_tac[] THEN asm_prove_tacl]);
pop-thm()
);

3.3 Theorems about Min

SML

val min_clausel = (

push_goal([], "YmeMin {m} = m™);

a(REPEAT strip_tac);

a(strip_asm_tac (list_V_elim["m™, "{m}7]|(get_spec” Min™)));

a(swap_asm_concl_tac™—m < i THEN asm_rewrite_tac[<_clauses]);

pop-thm()
)i
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SML

val min_clause2 = (

push_goal([], "Ym neMin {m; n} = if m < n then m else n);

a(REPEAT strip_tac);

a(strip-asm_tac (list_V_elim["if m < n then m else n7, "{m; n}7|(get_spec” Min™)));
(% *xx Goal "1" #%x *)

a(all_asm_ante_tac THEN cases_tac™m < n THEN asm_rewrite_tacl]);

(¢ skk Goal "2" sxx %)

a(swap_asm_concl_tac™=(if m < n then m else n) < i THEN asm_rewrite_tacl]);
a(cases_tac™m < n? THEN asm_rewrite_tac[<_clauses));
a(strip_asm_tac(list_¥_elim["m™, "n7<_cases_thm));

(¢ skk Goal "3" sxx x)

a(swap_asm_concl_tac™=(if m < n then m else n) < i THEN asm_rewrite_tacl]);
a(cases_tac™m < n? THEN asm_rewrite_tac[<_clauses));

pop-thm()

);

SML

val min_clause3 = (

push_goal([], "Ym aeMin ({m} U a) = if a = {} then m else Min{m; Min a}7);
a(REPEAT strip_tac);

a(cases_tac"a = {}7 THEN asm_rewrite_tac|));

(¢ sxx Goal "1" #xx x)

a(rewrite_tac[min_clausel]);

(% *xx Goal "2" s%x x)

a(all_asm_ante_tac THEN (PC_T"sets_ext" strip_tac));
a(all_asm_ante_tac THEN strip_tac);

a(strip_asm_tac (list_V_elim["z7, "amin_thm));
a(lemma_tac™v ie i € {m} U a = Min {m; Min a} < i7);
(x #xx Goal "2.1" skx *)

a(REPEAT strip_tac THEN rewrite_tac[min_clause2]);

(% sk Goal "2.1.1" s%x %)

a(cases_tac™m < Min o THEN asm_rewrite_tac[<_clauses]);
a(strip-asm_tac (list_¥_elim["m™, "Min a™|<_cases_thm));

(% #xx Goal "2.1.2" xxx x)

a(strip-asm_tac (list_V_elim["i7, "amin_thm));

a(cases_tac "m < Min a7 THEN asm_rewrite_tac]));
a(fe_tac [<_trans_thm| THEN asm_fc_tacl]);

(% #xx Goal "2.2" skk *)

a(LEMMA_T " Min {m; Min a} € {m} U a7 asm_tac);

( skk Goal "2.2.1" sxx %)

a(cases_tac™m < Min o' THEN asm_rewrite_tac[min_clause2] THEN REPEAT strip_tac);
(% *xx Goal "2.2.2" xxx x)
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a(ante_tac (list_V_elim[” Min {m; Min a}7, "({m} U a)7|(get_spec” Min™))
THEN asm_rewrite_tacl]);

pop-thm()
)i

SML

val min_clauses = save_thm("min_clauses",

list_A_intro[min_clausel, min_clause2, min_clause3]);

3.4 Relationship between Finite and Elems

SML

val fin_set_thml = save_thm("fin_set_thm1", (

push_goal([], "Vae a € Finite = Jlistea = Elems list A list € Distinct™);
a(strip_tac);

a fin_set_induction_tac;

(% #xx Goal "1" #xx x)

a(I-tac T[] THEN rewrite_tac(map get_spec[” Elems™, " Distinct™]));

(% *xx Goal "2" s%x x)

a(3-tac " Cons z list? THEN asm_rewrite_tac(map get_spec[” Elems™, " Distinct™)));
a(asm_ante_tac "= x € a7 THEN asm_rewrite_tac|]);

pop-thm()

);

SML
val elems_thml = save_thm("elems_thm1", (
push_goal([], "Vliste Elems list = {} < list = [|7);

a(strip_tac THEN strip_asm_tac(¥_elim"list:"a LIST™ list_cases_thm));
(% *xx Goal "1" #xx x)

a(asm_rewrite_tac|get_spec” Elems™));

(¢ skk Goal "2" sxx %)

a(asm_rewrite_tac[get _spec” Elems™));
a(PC_T "sets_ext" (REPEAT strip_tac));
a(REPEAT strip_tac);

a(3-tac"x? THEN REPFEAT strip_tac);

pop-thm()
)i
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SML
val elems_thm2 = save_thm("elems_thm2", (
push_goal([], "(Vliste Elems list = {} < list = [])
A (Vliste {} = Elems list < list = [])7);
a(rewrite_taclelems_thm1]);
a(rewrite_tac[conv_rule (ONCE_MAP_C' eq_sym_conv) elems_thm1]);
a(REPEAT strip_tac THEN asm_rewrite_tac]|);
pop-thm()

));

SML
val elems_thm3 = save_thm("elems_thm3", (

push_goal([], "Vlist1 list2e Elems(listl Q list2) = Elems list1 U Elems list2™7);
a(REPEAT strip_tac);

a(list_induction_tac" list1 1),

(¢ skk Goal "1" sxx %)

a(rewrite_tac(map get_spec[” Append™, " Elems™]));

(% sk Goal "2" sxx k)

a(asm_rewrite_tac(map get_spec[” Append™, " Elems™]));

a(PC_T"hol1" (REPEAT strip_tac));

pop-thm()

)i

SML

val length_thm = save_thm("length_thm", (

push_goal([], "Vlist1 list2e Length (list1 Q@ list2) = Length list] + Length list27);
a(REPEAT strip_tac);

a(list_induction_tac" list1 7 THEN rewrite_tac(map get_spec|” Length™, " Append™]));
a(asm_rewrite_tac|plus_assoc_thm]);

pop-thm()

));

SML

val [_thm1l = save_thm("[_thm1", (

push_goal([], "Vlist aeElems(list | a) = Elems list N a7);

a(REPEAT strip_tac);

a(list_induction_tac™list? THEN rewrite_tac(map get_spec[” Elems™, "$]7]));
a(strip_tac THEN cases_tac "z € o THEN asm_rewrite_tac|]);

(¢ skk Goal "1" sxx x)

a(asm_rewrite_tac[get_spec” Elems™));

a(PC_T "holl" (REPEAT strip_tac));

a(asm_rewrite_tacl]);

(¢ skk Goal "2" sxx x)
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a(PC_T "holl" (REPEAT strip_tac));

a(asm_ante_tac™z’" € a7 THEN asm_rewrite_tac[]);

pop-thm()
));

SML

val [_thm2 = save_thm("[_thm2", (

push_goal([], "Vlist; a:’a SETeLength((list | a) @Q (list | ~a)) = Length list™);
a(REPEAT strip_tac);

a(list_induction_tac"list? THEN rewrite_tac(map get_spec[” Length™, "$]7, " Append™));
a(strip_tac THEN cases_tac "z € a THEN asm_rewrite_tac]));

(% sk Goal "1" sxx %)

a(asm_rewrite_tac(map get_spec[” Length™, "$|7, " Append™)));

(x sk Goal "2" sxx x)

a(all_asm_ante_tac THEN rewrite_tac|[length_thm| THEN REPEAT strip_tac);
a(asm_rewrite_tac[get_spec” Length™, V_elim™ 1 "plus_order _thm]);

pop-thm()

);

SML

val [_thm3 = save_thm("[_thm3", (
push_goal([], "Vlist aeElems list C a = list [ a = list 7);
a(strip_tac);

a(list_induction_tac" list™);

(% *xx Goal "1" #%* )
a(rewrite_tac|get_spec™$]7));

(¢ skk Goal "2" sxx x)

a(asm_rewrite_tac(map get_spec[”$]7, " Elems™)));
a(REPEAT strip_tac);

a(lemma_tac "z € a™);

(% #xx Goal "2.1" skk %)

a(POP_ASM_T ante_tac);
a(PC_T"holl"(REPEAT strip_tac));
a(spec_nth_asm_tac 1 "z7);

(% #xx Goal "2.2" skk x)

a(asm_rewrite_tacl]);

a(lemma_tac " Elems list C a™);

(% *xx Goal "2.2.1" xxx x)

a(asm_ante_tac™{x} U Elems list C o THEN PC_T"holl"(REPEAT strip_tac));
a(spec_nth_asm_tac 2 "z'7);

(x skk Goal "2.2.2" sxxx %)

a(spec_nth_asm_tac 4 "a™);

pop-thm()
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);

SML
val [_thm4 = save_thm("[_thm4", (
push_goal([], "Vlist; z:'aex € Elems list = Length(list | ~{z}) < Length list 7);
a(strip_tac);
a(list_induction_tac"list? THEN asm_rewrite_tac[get_spec” Elems™]);
(% sk Goal "" sk )
a(asm_rewrite_tac(map get_spec["$]7, "Length™)) THEN REPEAT strip_tac);
(¢ skk Goal "1" sxx %)
a(asm_rewrite_tac[get_spec” Length™] THEN cases_tac"z € Elems list™);
(x sk Goal "1.1" *%x *)
a(spec_nth_asm_tac 38 "z7);
a(strip_asm_tac(list_¥_elim
[T Length (list | ~ {x})7, " Length list™, " Length list + 17
less_trans_thm));
a(lemma_tac” Elems list C ~{z}7);
(% *xx Goal "1.2.1" sxx x)
a(PC_T"holl"(REPEAT strip_tac THEN rewrite_tac[]));
a(swap_asm_concl_tac "z" € Elems list? THEN asm_rewrite_tac|]);
(% sk Goal "1.2.2" s%x %)
a(strip_asm_tac(list_¥_elim["list?, "~{z}7][_thm3));
a(asm_rewrite_tacl]);
(¢ sxx Goal "2" sxx x)
a(DROP_NTH_ASM_T 2 (strip_asm_tac o V_elim "z'7));
a(cases_tac™z = z'7 THEN asm_rewrite_tac[]);
(x #xx Goal "2.1" skx x)
a(strip_asm_tac(list_V_elim
["Length (list | ~ {z'})7, " Length list™, " Length list + 1]
less_trans_thm));
(x xxx Goal "2.2" skx *)
a(rewrite_tac|[get_spec” Length| THEN REPEAT strip_tac);
pop-thm()
);

SML
val distinct_-thml = save_thm("distinct_thm1", (
push_goal([], "Vlist1 list2e
listl € Distinct N Elems list] = Elems list2
= Length list1 < Length list2™);
a(strip_tac);
a(list_induction_tac"list17);

(¢ skk Goal "1" sxx %)
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a(rewrite_tac(elems_thm2 :: map get_spec|” Elems™, " Distinct™, " Length™)));

(% *xx Goal "2" s%x )

a(REPEAT strip_tac);

a(lemma_tac " Length ([z] @ (list2 | ~{z})) < Length list2™);

(% sxx Goal "2.1" skk %)

a(rewrite_tac|get_spec” Length™, length_thm));

a(cases_tac"z € Elems list27);

(¢ sxx Goal "2.1.1" sxx x)

a(strip_asm_tac(list_¥_elim["list27, "z [_thm4));

a(asm_ante_tac” Length (list2 | ~ {z}) < Length list2" THEN
rewrite_tac[V_elim"™ 1 "plus_order_thm, less_def]);

(% *xx Goal "2.1.2" xxx x)

a(lemma_tac” Elems list2 C ~{z}7);

(% *xx Goal "2.1.2.1" #%x x)

a(PC_T"holl"(REPEAT strip_tac THEN rewrite_tac[]));

a(swap_asm_concl_tac™z' € Elems list27 THEN asm_rewrite_tac|]);

(x xkx Goal "2.1.2.2" s*x x)

a(lemma_tac™xz € Elems list2™);

a(asm_ante_tac " Elems (Cons x listl) = Elems list27);

a(rewrite_tac[get_spec” Elems™);

a(PC_T"holl "(REPEAT strip_tac));

a(spec_nth_asm_tac 17z7);

(x skk Goal "2.2" skk %)

a(DROP_NTH_ASM_T 3 (strip_asm_tac o rewrite_rule[get_spec” Distinct™]));

a(lemma_tac” Elems list1 = Elems (list2 | ~ {z})7);

(% sk Goal "2.2.2" s%x %)

a(rewrite_tac[[-thm1]);

a(DROP_NTH_ASM_T 4 (rewrite_thm_tac o eq_sym_rule));

a(rewrite_tac[get_spec” Elems™]);

a(PC_T"holl"(REPEAT strip_tac));

( skk Goal "2.2.1.1" skk %)

a(PC_T"holl" (rewrite_tac])));

a(swap_asm_concl_tac™z' € Elems list1? THEN asm_rewrite_tac|]);

(% #xx Goal "2.2.1.2" sxx x)

a(TOP_ASM_T (strip_asm_tac o rewrite_rulel]));

(% *xx Goal "2.2.2" sxx x)

a(DROP_NTH _ASM_T 6 (strip_asm_tac o V_elim"list2 | ~ {z}7));

a(rewrite_tac(map get_spec[” Length™]));

a(swap_nth_asm_concl_tac 5 THEN rewrite_tac(map get_spec["$Append™, " Length™)));

a(lemma_tac™x € Elems list2™);

(% #xx Goal "2.2.2.1" sxx x)

a(GET_NTH_ASM_T 6 (fn th => rewrite_tac[eq_sym_rule th, get_spec” Elems™]));

11
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a(PC_T"holl" (REPEAT strip_tac));

(x sk Goal "2.2.2.2" sxk %)

a(strip_asm_tac(list_¥_elim["list27, "z [_thm4));

a(swap_nth_asm_concl_tac 1);

a(rewrite_tac[get_spec” $<7);

a(strip_asm_tac(list_¥_elim
[ Length list1 + 17, "Length (list2 | ~ {z}) + 17, "Length list2™]
<_trans_thm));

pop-thm()

);

SML
val size_thml = save_thm("size_thm1", (
push_goal([], "Size {} = 07);
a(rewrite_tac|get_spec” Size™, elems_thm1]);
a(conv_tac (ONCE_MAP_C prove_3_conv));
a(rewrite_tac|get_spec” Length™]);
a(lemma_tac™{il0 = i} = {0} );
(% *xx Goal "1" s%* x)
a(PC_T"holl" (REPEAT strip_tac)

THEN TRY_T (asm_ante_tac "—x = 07) THEN asm_rewrite_tac|));
(x sk Goal "2" sxx *)
a(asm_rewrite_tac[min_clauses));
pop-thm()
);

SML
‘val stze_thm2 = save_thm("size_thm2", (
push_goal([], "Vliste list € Distinct = Size(Elems list) = Length list™);
a(rewrite_tac[get_spec” Size| THEN REPFEAT strip_tac);
a(strip_asm_tac (list_V_elim
[ Length list™, "{i|3 list'e Length list' = i A Elems list' = Elems list}]
min_thm));
(% #xx Goal "1" s%x* x)
a(POP_ASM _T (strip_asm_tac o rewrite_rule[] o V_elim"list™));
a(TOP_ASM_T ante_tac THEN GET_NTH_ASM_T 3 (rewrite_thm_tac o eq_sym_rule));
a(strip_tac THEN strip_asm_tac (list_V_elim
[ Length list™, " Length list'™]
<_antisym_thm));
(% #xx Goal "2.1" skk %)
a(strip_asm_tac (list_¥_elim["list™, "list' "] distinct _thm1));
a(asm_ante_tac "= Elems list = FElems list'™);
a(GET_NTH_ASM_T &5 rewrite_thm_tac);

12
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‘(* skk Goal "2.2" xxx x)
‘a(GET_NTH_ASM_T 2 rewrite_thm_tac);
| pop-thm()

);

3.5 Relationship between Finite and Set Operations

SML

val fin_set_thm2 = save_thm("fin_set_thm2", (
push_goal(]], "{} € Finite™);
a(rewrite_tac[get_spec” Finite]);

a(PC_T "holl" (REPEAT strip_tac));

pop-thm()

);

SML

val fin_set_thm3 = save_thm("fin_set_thm3", (

push_goal([], "V a ze a € Finite = ({z} U a) € Finite™);
a(rewrite_tac[get_spec” Finite| THEN (PC_T "holl" (REPEAT strip_tac)));
a(spec_nth_asm_tac 3 "s7);

(% *xx Goal "1" #xx x)
a(list_spec_nth_asm_tac 3 ["a'7, T2'7));
(% xxx Goal "2" s%x x)
a(list_spec_nth_asm_tac 2 ["a™, "z7);
pop-thm()

));

SML

val fin_set_thm4 = save_thm("fin_set_thmj", (
push_goal([], "V liste Elems list € Finite™);
a(strip_tac);

a(list_induction_tac"list™);

(% #xx Goal "1" #xx x)

a(rewrite_tac|get_spec " Elems™, fin_set_thm2]);

(¢ sk Goal "2" sxx x)

a(rewrite_tac[get_spec " Elems™]);

a(strip_tac);

a(strip_asm_tac (list_¥_elim[" Elems list™, "z7|fin_set _thm3));
pop-thm()

));

13
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SML

val size_.thm3 = save_thm("size_thm3", (

push_goal([], "Va be a € Finite A b € Finite

= (a U b) € Finite™);

a(REPEAT strip_tac);

a(strip_asm_tac (V_elim "a™ fin_set_thml));

a(strip_asm_tac (V_elim "b" fin_set_thml));

(

a(asm_rewrite_tac[conv_rule(ONCE_MAP _C eq_sym_conv) elems_thm3]);
a(prove_tac|fin_set_thm4));

pop-thm()
));

SML
val size_thmd = save_thm("size_thm4", (
push_goal([], "Va be a € Finite A b C a
= b € Finite™);
a(REPEAT strip_tac);
a(strip_asm_tac(V_elim"™a fin_set_thm1));
a(LEMMA_T "b = Elems (list | b)" once_rewrite_thm_tac);
(¢ #xx Goal "1" #%x x)
a(DROP_NTH_ASM_T 2 (fn th => rewrite_tac[eq_sym_rule th, [_thm1]));
a(PC_T"holl"(asm_prove_tac[]));
(x sk Goal "2" sxx %)
a(rewrite_tac|fin_set_thm4));
pop-thm()
);

SML

val size_thmb5 = save_thm("size_thm5", (

push_goal([], "Va ze a € Finite

= Size({z} U a) = if x € a then Size a else Size a + 17);
a(REPEAT strip_tac);

a(cases_tac™z € a’);

(% #xx Goal "1" s%x* x)

a(LEMMA_T "{z} U a = a' asm_rewrite_thm_tac);
a(PC_T"holl"(REPEAT strip_tac));

a(asm_rewrite_tacl]);

( sk Goal "2" sxx %)

a(strip_asm_tac(list_V_elim["a”|fin_set_thm1));

a(lemma_tac™{z} U a = Elems (Cons z list) A Cons z list € Distinct™);
(% sk Goal "2.1" sxx %)

a(asm_rewrite_tac[get_spec” Elems™, get_spec” Distinct™]);
a(DROP_NTH_ASM_T 2 (asm_rewrite_thm_tac o eq_sym_rule));
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(% #xx Goal "2.2" skk %)
a(strip-asm_tac(list_¥_elim[" list | size_thm2));
a(strip_asm_tac(list_¥_elim[” Cons x list "|size_thm?2));
a(LIST_-GET_NTH_ASM_T [7, 4, 1] rewrite_tac);
a(LIST_-GET_NTH_ASM_T [6, 2] rewrite_tac);
a(rewrite_tac|get_spec” Length™]);

pop-thm()

);

SML

val size_thm6 = save_thm("size_thm6", (

push_goal([], "Va be a € Finite AN b € Finite = (a N b) € Finite™);
a(REPEAT strip_tac);

a(strip_asm_tac(pc_rule"holl " (prove_rule[])"a N b C a™));
a(strip_asm_tac(list_¥V_elim["a”, "a N b7|size_thmy4));

pop-thm()

);

SML
val size_thm7 = save_thm("size_thm7", (
push_goal([], "Va be a € Finite A b € Finite
= Size(a U b) + Size (a N b) = Size a + Size b7);
a(REPEAT strip_tac);
a(asm_ante_tac "a € Finite” THEN fin_set_induction_tac);
(% *xx Goal "1" #%* )
a(rewrite_tac[size_thm1]);
(¢ skk Goal "2" sxx x)
a(strip_asm_tac(list_¥_elim["a”, "b7|size_thm3));
a(strip-asm_tac(list_¥_elim["a”, "b7|size_thm6));
a(cases_tac"z € b7);
(% #xx Goal "2.1" skk %)
a(lemma-tac "({z} Ua) Ub=aUbA
{z} Ua)nb={z} U(anbd);
(% #xx Goal "2.1.1" sxx x)
a(PC_T"holl"(REPEAT strip_tac THEN asm_rewrite_tac|]));
(% sk Goal "2.1.2" s%x %)
a(strip_asm_tac(list_¥_elim["a U b7, "z 7size_thm5));

a(strip_asm_tac(list_V_elim["a N b7, "x7|size_thm5));

a(LEMMA_T " € aUb A —-x E€anb’

(fn th => asm_rewrite_tac[th, ¥Y_elim"™ 1 "plus_order_thm]));
a(REPEAT strip_tac);
(x #xx Goal "2.2" skk x)

(
a(strip_asm_tac(list_V_elim["a”, "z | size_thm&));
(

15
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a(lemma_tac "({z} Ua) Ub={z} UaUbA

{z} Ua)nb=(an b))
(¢ xxx Goal "2.2.1" xxx x)
a(PC_T"holl "(REPEAT strip_tac THEN asm_rewrite_tac]]));
a(asm_ante_tac "x' € b THEN asm_rewrite_tac|]);
(x skk Goal "2.2.2" sxxx %)
a(strip_asm_tac(list_V_elim["a U b7, "z 7size_thm5));
a(strip_asm_tac(list_V_elim["a N b7, "z size_thm5));
a(strip-asm_tac(list_¥_elim["a”, "z | size_thmb));
a(LEMMA-T "—z € aUbA -z €anb’

(fn th => asm_rewrite_tac[th, ¥Y_elim"™ 1 "plus_order_thm]));
a(REPEAT strip_tac);
pop-thm()

));

SML

val size_singleton_thm = save_thm("size_singleton_thm", (

push-goal([], "Vze #{z} = 17);

a strip_tac;

a(accept_tac(rewrite_rule[fin_set _thm2, size_thm1]
(list_V_elim["{}7, "z |size_thm5)));

pop-thm()

));

3.6 Miscellany

SML

‘val N_set_thm1l = save_thm("N_set_thm1", (

push_goal(]], "Va: N SETe a € Finite N ma = {} = Imem € a A Viei € a = i < m’);
a(strip_tac THEN bc_tac[taut_rule™ (A = B = C) = (A AN B = C)7);
a(fin_set_induction_tac THEN _TRY asm_rewrite_tac]] THEN REPEAT strip_tac);
(% sk Goal "1" sxx )

a(3-tac"x:NT THEN REPEAT strip_-tac THEN asm_rewrite_tac|]);

(% *xx Goal "2" s%x x)

a(strip_asm_tac(list_V_elim["z7, "m7|<_cases_thm));

(% *xx Goal "2.1" skk %)

a(3-tac"m™ THEN REPEAT strip_tac THEN _TRY asm_rewrite_tac|]);
a(asm_fc_tacl]);

(% #xx Goal "2.2" skk *)

a(3-tac"x7 THEN REPEAT strip_tac THEN_TRY asm_rewrite_tac|));
a(asm_fe_tac[] THEN rename_tac[("i7, "i")]);

a(bc_tac[<_trans_thm));

a(3-tac"m™ THEN REPEAT strip_tac);

16
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| pop_thm()

);

SML

val finite_max_thm = save_thm(" finite_maz_thm", (

push_goal([], "Va: N SETe a € Finite AN —a = {} = Maz a € a A Viei € a = i < Maz a™);
a(REPEAT_N 2 strip_tac);

a(fe_tac|N_set_thm1]);

a(LEMMA_T "Maz a = m™ (fn th => rewrite_tac[th) THEN REPEAT strip_tac));
(% #xx Goal "1" #xx x)

a(be_tac[get_spec” Max| THEN REPEAT strip_tac THEN asm_fc_tacl]);
(x skk Goal "2" sxx %)

a(asm_fe_tacl));

pop-thm()

);

SML

val finite_size_thm = save_thm(" finite_size_thm", (
push_goal([], "Va me

(JlisteElems list = a A list € Distinct A Length list = m)
& a € Finite A\ #a = m

|

)
a(REPEAT strip_tac);

(x sk Goal "1" sxx *)

a(GET_NTH_ASM_T 3 (fn th => rewrite_tac[eq_sym_rule th, fin_set_thm4]));

(x #xx Goal "2" s%x x)

a(fe_tac[size_thm?2]);

a(POP_ASM _T ante_tac THEN asm_rewrite_tac]));

(% *xx Goal "3" #%x* x)

a(fe_tac|fin_set_thm1));

a(3-tac"list? THEN asm_rewrite_tac|));

a(fe_tac[size_thm?2]);

a(LIST_DROP_NTH_ASM_T [1,3,4] (rewrite_tac o map eq_sym_rule));
pop-thm()

));

SML

val length_map_thm = save_thm("length_map_thm", (

push_goal([], "Vf liste

Length(Map f list) = Length list

);

a(REPEAT strip_tac);

a(list_induction_tac"list? THEN asm_rewrite_tac[length_def, map_def]);

17
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| pop_thm()

);

SML
val elems_map_thm = save_thm("elems_map_thm", (
push_goal([], "Vf liste
Elems(Map f list) = {y | Jze = € Elems list N f z = y}
7);
a(REPEAT strip_tac);
a(list_induction_tac"list? THEN asm_rewrite_tac[elems_def, map _def]
THEN PC_T"holl"(REPEAT strip_tac));
(% sk Goal "1" sxx %)
a(3-tac"x7 THEN PC_T"holl"(REPEAT strip_tac) THEN asm_rewrite_tac|));
(x sk Goal "2" sxx x)
a(3-tac"2"7T THEN PC_T"holl"(REPEAT strip_tac));
(% sk Goal " 3" sxx %)
a(POP_ASM _T ante_-tac THEN POP_ASM_T ante_tac THEN asm_rewrite_tac|]);
a(strip_tac THEN asm_rewrite_tacl]);
(¢ sk Goal "4" sxx %)
a(3-tac" "7 THEN PC_T"holl"(REPEAT strip_tac));
pop-thm()
);

SML
val map_distinct_thm = save_thm("map_distinct_thm", (
push_goal([], "Vf liste
(Map f list) € Distinct
& list € Distinct
A (Vz yo x € Elems list Ny € Elems list N fx=fy=1x=y)

|

)

)

a(REPEAT V_tac);

a(list_induction_tac" list™);

(x sk Goal "1" of & sxx )
a(asm_rewrite_tac[elems_def , map_def, distinct_def]);
(¢ skk Goal "2" sxx x)

a(asm_rewrite_taclelems_def, map_def, distinct_def]);
(% *xx Goal "3" #%x* x)

a(rename_tacl|);

a(asm_rewrite_tac[elems_def, map_def, distinct_def]);
a(PC_T"holl"(REPEAT strip_tac));

a(asm_fe_tac[] THEN asm_fc_tacl));

(x skk Goal "4" sxx x)

a(asm_fc_tac[] THEN asm_fc_tac]]);
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(% sxx Goal "5" #xx x)
a(asm_rewrite_taclelems_def, map_def, distinct_def]);

7, elems_map _thm));

a(rewrite_tac[taut_rule™p q re(-p & g A1) & (p & q V 1)
a(REPEAT_N 3 strip_tac);

(% sxx Goal "5.1" skk *)

a(strip_tac THEN cases_tac "z € FElems list?” THEN1 REPEAT strip_tac);
a(PC_T"holl"(REPEAT strip_tac));

a(list_spec_nth_asm_tac 1 ["z'7, "z7);

a(POP_ASM _T (rewrite_thm_tac o eq_sym_rule) THEN strip_tac);

(x sk Goal "5.2" skk %)

a(cases_tac "z € Elems list™);

(% *xx Goal "5.2.1" sxx x)

a(=_-T (fn th => id_tac));

a(3-tac"x7 THEN asm_rewrite_tacl]);

(% *xx Goal "5.2.2" sxx x)

a(asm_rewrite_tacl]);

a(once_rewrite_tac[taut_rule™Vp qe(—p = q) < (—q = p)7]);
a(PC_T"holl"(REPEAT strip_tac));

(% *xx Goal "5.2.2.1" #%x x)

a(asm_rewrite_tacl]);

(¢ sxx Goal "5.2.2.2" sxx x)

a(list_spec_nth_asm_tac 4 ["y7]);

a(POP_ASM _T ante_-tac THEN POP_ASM_T ante_tac THEN asm_rewrite_tac|]);
a(=_T rewrite_thm_tac);

(% *xx Goal "5.2.2.3" #xx x)

a(list_spec_nth_asm_tac 4 ["z'7));

a(POP_ASM _T ante_-tac THEN POP_ASM_T ante_tac THEN asm_rewrite_tac|]);
a(=_T rewrite_thm_tac);

(¢ sxx Goal "5.2.2.4" #xx x)

a(asm_fe_tac[] THEN asm_fc_tacl));

pop-thm()

));

SML

val pair_eq_thm = save_thm("pair_eq_thm", (

push_goal([], "Vx ye Fst x = Fst y AN Snd x = Snd y = z = y7);
a(REPEAT strip_tac);

a(LEMMA_T"y = (Fst z, Snd )™ rewrite_thm_tac);
a(pure_asm_rewrite_tac[] THEN rewrite_tac]]);

pop-thm()

)i
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SML
val at_thm = save_thm("at_thm", (
push_goal([], "Vf:'a < 'b; z : "ae
f € PFunctional N z € Dom f
= VyefQr = y & (2, y) € f

_I

);
a(rewrite_tac[functional _def, dom_def));

a(REPEAT strip_tac);

(% sk Goal "1" sxx %)

a(fe_tac[get_spec™ $AtT));

(% *xx Goal "1.1" skk %)

a(asm_fc_tac[] THEN asm_fc_tac]]);

a(asm_ante_tac™— z = y? THEN asm_rewrite_tacl]);

(% *xx Goal "1.2" skk %)

a(DROP_ASM_T"f @ z = y'(asm_rewrite_thm_tac o eq_sym_rule));
(¢ skk Goal "2" sxx x)

a(fe_tac[get_spec” $AtT));

(% sk Goal "2.1" sxx )

a(asm_fc_tac[] THEN asm_fc_tac]]);

(x xxx Goal "2.2" skx *)

a(asm_rewrite_tac]] THEN asm_fc_tac]] THEN asm_fc_tac|));
pop-thm()

));

SML
val finite_function_thm = save_thm(" finite_function_thm", (
push_goal([], "Vf: 'a < 'be
f € Functional

A (f € Finite V Dom f € Finite)

= f € Finite N\ Dom f € Finite \ #(Dom ) = #f
7);
a(REPEAT_N 2 strip_tac);
(% #xx Goal "1" #%x *)
a(asm_rewrite_tacl]);
a(fe_tac|fin_set_thm1));
a(be_tac[finite_size_thm));
a(3_tac” Map Fst list™);
a(fe_tac|size_thm2]);
a(asm_rewrite_tac[length_map_thm, elems_map_thm, map_distinct _thm, dom_def]);
a(PC_T"holl"(REPEAT strip_tac));
( skk Goal "1.1" skk %)
a(3_tac" Snd '7 THEN POP_ASM_T (asm_rewrite_thm_tac o eq_sym_rule));
(% #xx Goal "1.2" skk *)
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a(3-tac™(z, y)? THEN asm_rewrite_tac]]);

(% *xx Goal "1.8" skk %)

a(DROP_ASM _T"f = Elems list" (asm_tac o eq_sym_rule));
a(LIST_-DROP_NTH_ASM_T [3,4] (MAP_EVERY ante_tac) THEN asm_rewrite_tac|]);
a(DROP_ASM_T"f € Functional™ (strip_asm_tac o rewrite_rule[get_spec” Functional™]));
a(REPEAT strip_tac);

a(lemma_tac "(Fst z, Snd y) € f7 THENI1 asm_rewrite_tac]]);

a(LIST_SPEC_NTH_ASM_T 4 ["Fst z7, "Snd z7, "Snd y7| (strip_asm_tac o rewrite_rulel]));
a(be_tac[pair_eq_thm| THEN REPEAT strip_tac);

(% *xx Goal "2" sxx x)

a(asm_rewrite_tacl]);

a(fe_tac|fin_set_thm1));

a(conv_tac(ONCE_MAP_C eq_sym_conv) THEN bc_tac[finite_size_thm]);
a(I_tac” Map (Aze(x, fQx)) list™);

a(fe_tac[size_thm?2]);

a(asm_rewrite_tac[length_map_thm, elems_map_thm, map_distinct_thm, dom_def]);
a(PC_T"holl "(REPEAT strip_tac));

s sk Goal "2.1" sk )

a(DROP_NTH_ASM_T 6 (asm_tac o eq_sym_rule));

a(DROP_NTH_ASM_T 4 ante_tac THEN asm_rewrite_tac[] THEN strip_tac);

(
(
(fe_taclat_thm] THEN asm_fc_tacl]);
(
(
(

—~

a
a(DROP_NTH_ASM_T 5 ante_tac THEN asm_rewrite_tac[] THEN strip_tac);
a(asm_fe_tacl));

a(POP_ASM_T ante_tac THEN rewrite_tac]));

(% *xx Goal "2.2" skk %)

a(lemma_tac” Fst x € Dom f7);

( skk Goal "2.2.1" sxx %)

a(rewrite_tac[dom_def] THEN 3_tac™Snd z' THEN asm_rewrite_tac||);

(x #xx Goal "2.2.2" xxx x)

a(lemma_tac™x = (Fst z, fQ(Fst z))7);

(% *xx Goal "2.2.2.1" s%x x)

a(fe_tac[conv_rule (ONCE_MAP_C eq_sym_conv) at_thm| THEN asm_fc_tac]]);
a(POP_ASM_T (ante_tac o V_elim™Snd «7) THEN rewrite_tac]]);

a(strip_-tac THEN asm_rewrite_tac|));

(x skk Goal "2.2.2.2" skk %)

a(DROP_NTH_ASM_T 6 (rewrite_thm_tac o eq_sym_rule));

a(POP_ASM _T once_rewrite_thm_tac THEN 3_tac” Fst 7 THEN asm_rewrite_tac|));
pop-thm()

));




Lemma 1 Ltd. Theorems on Finiteness(Draft) 22
4 THE THEORY fin_thms

4.1 Parents

fin_set

4.2 Theorems

fin_set_induction_thm
FVY P
. P}
ANV az
e a € Finite N\PaN-xz€a= P ({z}Ua))
= (V ae a € Finite = P a)
min_thm FYmoaemea= Minae€aANMna<m
min_clauses + (V me Min {m} = m)
A (Y m ne Min {m; n} = (if m < n then m else n))
ANV ma
o Min ({m} U a)
= (if a = {} then m else Min {m; Min a}))
fin_set_thml FVa
e a € Finite
= (3 liste a = Elems list A\ list € Distinct)
elems_thml +V liste Elems list = {} < list = ]
elems_thm2 + (V liste Elems list = {} < list = [])
A (V liste {} = Elems list < list = [])
elems_thm3 VY listl list2

o Elems (list1 ™ list2) = Elems list1 U Elems list2
length_thm bV list] list2e # (list1 — list2) = # listl + # list2

[_thml bV list ae Elems (list | a) = Elems list N a

[_thm?2 VY list ae # ((list | a) ™ (list [ ~ a)) = # list
[_thm3 F V list ae Elems list C a = list | a = list

[-thm4 bV list ze © € Elems list = # (list [ ~ {x}) < # list

distinct_thml

FV list1 list2

e list] € Distinct N\ Elems list] = Elems list2
= # list1 < # list2

size_thm1l F#{} =0
size_thm?2 F V liste list € Distinct = # (Elems list) = # list
fin_set_.thm2 + {} € Finite
fin_set_.thm3 F VY a ze a € Finite = {z} U a € Finite
fin_set_thm4 F V liste Elems list € Finite

size_thm3 FVY abeac Finite N b€ Finite = a U b € Finite
size_thm4 FVYabeac Finite Nb C a= be Finite
size_thmb FYazx

e a c Finite
= # ({z} Ua) = (if v € a then # a else # a + 1)
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stze_thm6 FV abe ac Finite Nb € Finite = a N b € Finite
stze_thm7 FYab
e o € Finite N b € Finite
=#(@Ub)+# (anb)=#a+ #Db
stze_singleton_thm
FVaze # {z} =1
N_set_thml FVYa
e a € Finite N —~ a = {}
= (dmemecaAn (Vieica=1i<m))
finite_max_thm
FVYa
e a € Finite N = a = {}
= Max a € a AN (Viei € a= i< Max a)
finite_size_thm
FYam
o (3 list
e Elems list = a A list € Distinct N\ # list = m)
& a € Finite N # a=m
length_map_thm
FV f liste # (Map f list) = # list
elems_map_thm
FV f list
e Elems (Map [ list)
= {y|3 ze z € Elems list N f x = y}
map_distinct_thm
FV f list
o Map f list € Distinct
& list € Distinct

ANNVzy
oz € Elems list Ny € Elems list N f x =f vy
=z =y)

pair_eq_.thm F Yz ye Fst x = Fst y AN Snd x=5nd y= 1=y
at_thm FVYfa
o f € Functional N x € Dom f
= Vys fQz =y & (z,9) €f)
finite_ function_thm
FVYf
e f € Functional N\ (f € Finite V Dom [ € Finite)
= f € Finite N Dom f € Finite N # (Dom f) = # f
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