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1 In tro duction

This note is the third in a seriesconcernedwith speci�cation via pre- and post-conditions. It
setsup a genericframework for systemsformed by wiring together primitiv e building blocks.
Such systemswill bemodelledasrelationsusingexistentially quanti�ed equationsfor the �xed
points that correspond to feedback loops in the wiring diagram. The approach is basedon
the notion of traced monoidal categories,e.g.,see[1]. The category-phobicreadershould not
despairas the discussionhereis self-contained, and the relatively simple ideasthat fall under
this fancy namedo provide a very nice generalalgebraicway of thinking about diagrammatic
models.

2 TRA CED MONOID AL CA TEGORIES

In this sectionwe formalisethe notion of a traced monoidal category. The readercan think of
this as just providing a convenient syntax for expressingdiagramsof components connected
by \wires" of somesort, together with a set of algebraic relations expressingsomeevident
identities that ought to hold in such diagrams.

As an example,considerwhat one might call the Kir chho� category which models a classof
electrical circuits. Somebuilding blocks for thesecircuits are shown in �gure 1 on page2.
Here oneshould think of the nodeslabelled X i as inputs and of thoselabelled Yj as outputs.
The valuesof theselabels range over someset of names. Circuits are constructed by wiring
together inputs and outputs (and deleting the labels on the resulting internal nodes). The
resistor building block is labelled with a non-negative real number R giving its resistancein
ohms.

The laws of Kirchho� and Ohm imply relationshipsthat must hold betweenthe voltages,VX i ,
VYj , and currents, I X i , I Yj , that obtain at the labelled nodes in a physical realisation of a
circuit. Taking the senseof current 
o w so that the nodeslabelled X i act as positive current
sources,the four building blocks of �gure 1 imposethe following constraints:
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Figure 1: Kirchho� Category: SomeBuilding Blocks

Fan-out:
VY1 = VY2 = VX 1

I Y1 + I Y2 = I X 1

Fan-in:
VY1 = VX 1 = VX 2

I Y1 = I X 1 + I X 2

Cross-over:
VYi = VX 3� i

I Yi = I X 3� i

Resistor:
VY1 = VX 1 � RI X 1

I Y1 = I X 1

On solving these equations for the circuits in �gure 2 on page 2, one �nds that the three
circuits are equivalent. The idea of a traced monoidal category will formalise the processof
building up the overall input-output relationship of a circuit from its constituent parts. The
algebraic laws satis�ed by a traced monoidal category capture equivalenceslike that of the
�rst two circuits in �gure 2 which are essentially independent of the semantics of the basic
building blocks. The laws also provide a way of structuring proofs that do depend on the
semantics (like the other equivalencein �gure 2).

The operatorsthat we areusingto build diagramsareshown in �gure 3 on page4. The notion
of traced monoidal category that we are now going to de�ne may be viewed as an algevraic
theory of theseoperators. The formalisation of this notion dealswith the operators in turn.

The �rst stagein the formalisation dealswith horizontal composition. Horizontal composition
is a partial operation: in the Kircho� category, two circuits f and g can only be composed
horizontally if f has the samenumber of outputs as g has of inputs. The composition is
associative in the sensethat f o

9(go
9h) = (f o

9g)o
9h whenever thesecompositesarede�ned. In the

Kircho� category, a vertical stack of an appropriate number of resistorswith R = 0 provides
a unit for the composition. All this meansthat horizontal composition is the composition
operator of a category whosemorphismsor arrows are the diagrams and whoseobjects are
the vectorsof inputs or outputs of a circuit.

Formally, we specify a category in Z to be a member of the generic schema CAT de�ned
below. The genericparametersO and A give the setsof objects and arrows of the category
respectively. In the Kirchho� category, the domain and codomain operatorscorrespond to the
operationsof readingo� the vector of inputs or outputs of a circuit and the identit y operator
correspondsto the operation of constructing a vertical stacks of resistorswith R = 0.
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Figure 2: Kircho� Category: SomeEquivalent Circuits

function 40 leftassoc o
9c

C AT [O; A]
o
9c : A � A 7! A ;

domc; codc : A ! O ;
id c : O ! A

dom ( o
9c ) = f f ; g : A j codc f = domc gg ;

8f ; g; h : A j codc f = domc g ^ codc g = domc h �
(f o

9c g) o
9c h = f o

9c (g o
9c h) ;

8f ; g : A j codc f = domc g �
domc (f o

9c g) = domc f ^ codc (f o
9c g) = codc g ;

8 X : O �
domc (id c X ) = codc (id c X ) = X ;

8 f : A �
id c(domc f ) o

9c f = f o
9c id c(codc f ) = f

We now look at vertical composition: in the Kirchho� category, vertical composition is as-
sociative, has a unit given by an empty diagram, preserves identities and commutes with
horizontal composition in the sensesillustrated in �gure 4 on page5. In categorical termi-
nology, the vertical composition is an associative bifunctor from the category to itself with a
unit, and a categorypossessingthis additional structure is called a monoidal category.

Formally, we specify a monoidal category by the following generic schema MON CAT. In
which � o and � a give the vertical composition operations for objects and arrows respectively
and I � gives the unit. (One could do without � o here, but it helps to make the de�nition
succinct). In informal narrative, we will often omit the subscriptsfrom � o and � a.
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function 40 leftassoc � o ; � a

M ON C AT [O; A]
CAT [O; A] ;

� o : O � O ! O;
� a : A � A ! A;

I � : A

8f ; g; h : A� (f � a g) � a h = f � a (g � a h) ;
8f : A� (f � a I � ) = (I � � a f ) = f ;
8 X ; Y : O� X � o Y = domc (id c X � a id c Y );
8 X ; Y : O� id c X � a id c Y = id c (X � o Y ) ;
8 f ; g; p; q : A j

codc f = domc g ^ codc p = domc q �
(f o

9c g) � a (p o
9c q) = (f � a p) o

9c (g � a q)

In the Kircho� category, we includeda cross-over for two wiresasa basicbuilding block. Since
any permutation of a vector of elements can be written as a product of permutations that
exchangeadjacent elements, this can be used to implement any permutation of the inputs.
Any such permutation is an isomorphismin the category, i.e., an arrow with an inversewith
respect to horizontal composition. In particular, if X and Y are objects in the category
(vectorsof voltage-current pairs), one has an isomorphismor symmetry betweenthe vertical
compositions X � Y and Y � X . Subject to a condition which ensuresthat symmetries
composejust like transpositionsof elements in a vector, this meansthat our categoryis what
is called a symmetric monoidal category.

Formally, a symmetric monoidal category is to be a member of the following genericschema.
Here, for objects X and X , the arrow Sym(X ; Y) is the isomorphismbetweenX � Y and
Y � X .
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SY M M ON C AT [O; A]
MON CAT [O; A] ;
Sym : O � O ! A

8 X ; Y : O � domc(Sym(X ; Y )) = X � o Y ^ codc(Sym(X ; Y )) = Y � o X ;
8 X ; Y : O � Sym(X ; Y ) o

9c Sym(Y ; X ) = id c (X � o Y ) ;
8 X ; Y ; Z : O �

Sym(X � o Y ; Z ) =
(id c X � a Sym(Y ; Z )) o

9c (Sym(X ; Z ) � a id c Y )

Finally, we deal with the feeback or trace operator.

Wenow givethe de�nition of a tracedmonoidalcategoryin stages.A tracedmonoidalcategory
will be a symmetric monoidal category equipped with a trace operator which comprisesa
partial function from arrows to arrows parameterisedby three objects:

T R A M ON C AT SI G[O; A]
SYM MON CAT [O; A] ;
Trc : O � O � O ! A 7! A

Our �rst requirement on the trace operator says that Trc(X ; Y; Z ) mapsan arrow from X � Z
to Y � Z to an arrow from X to Y. Typically one thinks of the trace operator as taking a
�xed point with respect to to the part of an arrow from X � Z to Y � Z that lies over Z .

T R A M ON C AT D OM [O; A]
TRA MON CAT SIG[O; A]

8 X ; Y ; Z : O �
dom (Trc(X ; Y ; Z )) = f f : A j domc f = X � o Z ^ codc f = Y � o Zg ;

8 X ; Y ; Z : O; f : A j
domc f = X � o Z ^ codc f = Y � o Z �
domc (Trc(X ; Y ; Z ) f ) = X ^ codc (Trc(X ; Y ; Z ) f ) = Y

The following are the naturalit y properties required of Trc(X ; Y; Z ). Hasegawa calls these
three properties left tightening, right tightening and sliding. The properties are illustrated in
�gure 5 on page7.
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Figure 5: TracedMonoidal Categories:Naturalit y
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Figure 6: TracedMonoidal Categories:Vanishing

T R A M ON C AT N AT [O; A]
TRA MON CAT SIG[O; A]

8 W ; X ; Y ; Z : O; f ; h : A j
domc f = W � o Z ^ codc f = Y � o Z ;
domc h = X ^ codc h = W �
Trc(X ; Y ; Z ) ((h � a id c Z) o

9c f ) =
h o

9c Trc(W ; Y ; Z ) f ;
8 W ; X ; Y ; Z : O; f ; h : A j

domc f = X � o Z ^ codc f = W � o Z ;
domc h = W ^ codc h = Y � (� Y not X ! � )
Trc(X ; Y ; Z ) (f o

9c (h � a id c Z)) =
Trc(X ; W ; Z ) f o

9c h; (� in that order! � )
8 W ; X ; Y ; Z : O; f ; h : A j

domc f = X � o W ^ codc f = Y � o Z ;
domc h = Z ^ codc h = W �
Trc(X ; Y ; Z ) (( id c X � a h) o

9c f ) =
Trc(X ; Y ; W ) (f o

9c (id c Y � a h))

The following property is called vanishing by Hasegawa. It captures the idea that taking a
�xed point with respect to an identit y arrow doesnothing and that �xed points over a vertical
product W 	 Z can be taken by taking �xed points over Z then W in turn. This property
is illustrated in �gure 6 on page7.
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T R A M ON C AT V AN [O; A]
TRA MON CAT SIG[O; A]

8 X ; Y : O; f : A j
domc f = X ^ codc f = Y �
Trc(X ; Y ; domc I � ) (f � a I � ) = f ;

8 X ; Y ; W ; Z : O; f : A j
domc f = X � o W � o Z ^ codc f = Y � o W � o Z �
Trc(X ; Y ; W � o Z) f =
Trc(X ; Y ; W ) (Trc(X � o W ; Y � o W ; Z) f )

The following property says that tracescommute with the operation of vertical composition
with an identit y arrow. This is called superposing by Hasegawa. This property is illustrated
in �gure 7 on page8.

T R A M ON C AT SU P [O; A]
TRA MON CAT SIG[O; A]

8 W ; X ; Y ; Z : O; f : A j
domc f = X � o Z ^ codc f = Y � o Z �
Trc(W � o X ; W � o Y ; Z ) (id c W � a f ) =
id c W � a Trc(X ; Y ; Z ) f

The �nal property says that the trace of the symmetry on X � X is the identit y arrow on X .
This is called yanking by Hasegawa. This property is illustrated in �gure 8 on page9.

T R A M ON C AT Y AN [O; A]
TRA MON CAT SIG[O; A]

8 X : O �
Trc (X ; X ; X ) (Sym (X ; X )) = id c X

Finally, we put all these piecestogether to complete the de�nition of a traced monoidal
category:
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T R A M ON C AT [O; A]
TRA MON CAT SIG[O; A]

TRA MON CAT DOM [O; A] ;
TRA MON CAT NAT [O; A] ;
TRA MON CAT VAN [O; A] ;
TRA MON CAT SUP[O; A] ;
TRA MON CAT YAN [O; A]

3 A CA TEGOR Y OF RELA TIONS

We will now formalisea genericcategoryof relations in Z. The Kirchho� categorydiscussed
informally in the previoussectionmay be formalisedasan instanceof this category. As we go
we state theoremswhich build up to the assertionthat the genericcategoryis in fact a traced
monoidal category.

If V is any set, V m givesthe set of all m-tuples with valuesranging over V.

function 50 b

[U]
b : PU � N ! P(seq U )

8V : PU ; m:N� V b m = f s : seq V j # s = mg

For each set V, there is a category, which we shall call RelCat[V ], whoseobjects are the
natural numbersand whosemorphisms(a.k.a. arrows) from m to n are the relations between
V m and V n composedvia ordinary relational composition1. An arrow in the categoryis given
as labelled triple whosecomponents give the domain (d), codomain (c), and the relation (r ).

R el [V ] b=
S

f m; n : N � f R : V bm $ V bn� (d b= m; c b= n; r b= R)gg

The composition of arrows that makesRel[V ] into a categoryis the \horizontal" composition
de�ned below.

1We take the objects to be the natural numbers, m, rather than the setsV m for technical convenienceto
avoid having the category collapsewhen V = fg .
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[V ]
H C ompose : Rel[V ] � Rel[V ] 7! Rel[V ]

dom HCompose = f R; S : Rel[V ] j R:c = S:dg ;
8R; S : Rel[V ] j R:c = S:d �

HCompose(R; S) = (d b= R:d; c b= S:c; r b= R:r o
9 S:r )

The following function givesthe identit y arrows in the category.

[V ]
H I d : N ! Rel[V ]

8 m : N � HId m = (d b= m; c b= m; r b= id (V bm))

We can now de�ne RelCat[V ] and state the theoremthat it is indeeda category.

R elC at [V ] b=
( o

9c b= HCompose[V ];
domc b= (� R:Rel[V ]� R:d);
codc b= (� R:Rel[V ]� R:c);
id c b= HId [V ])

rel cat thm ?̀ [V ](RelCat[V ] 2 CAT [N; Rel[V ]])

The categorybecomesa monoidal categoryunder a product given by addition on objects and
by the following \v ertical composition" on morphisms.

[V ]
V C ompose : Rel[V ] � Rel[V ] ! Rel[V ]

8R; S : Rel[V ] �
VCompose(R; S) = (d b= R:d + S:d; c b= R:c + S:c;

r b= f a; b; c; d : seq V j (a; c) 2 R:r ^ (b; d) 2 S:r � (a a b; c a d)g)

Adding in the necessarystructure we get the monoidal categoryRelM onCat[V ].
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R elM onC at [V ] b=
( o

9c b= HCompose[V ];
domc b= (� R:Rel[V ]� R:d);
codc b= (� R:Rel[V ]� R:c);
id c b= HId [V ];

� o b= (� m; n:N� m + n);
� a b= VCompose[V ];

I � b= HId [V ](0))

rel mon cat thm ?̀ [V ](RelMonCat[V ] 2 MON CAT [N; Rel[V ]])

To usethe relation category, we will generally needto know somethingabout the value do-
main, V . However, one can describe somegenericconstructions that just imposeequational
constraints. The most important is the following operator that makesthe monoidal category
into a symmetric monoidal category:

[V ]
T r anspose : N � N ! Rel[V ]

8m; n : N�
Transpose(m; n) = (d b= m + n; c b= n + m;

r b= f a : V bm; b : V bn � (a a b; b a a)g)

Wecontinueto add in the newstructure andprovethat it givesa symmetricmonoidalcategory.

R elSymM onC at [V ] b=
( o

9c b= HCompose[V ];
domc b= (� R:Rel[V ]� R:d);
codc b= (� R:Rel[V ]� R:c);
id c b= HId [V ];

� o b= (� m; n:N� m + n);
� a b= VCompose[V ];

I � b= HId [V ](0);
Sym b= Transpose[V ])

rel sym mon cat thm ?̀ [V ](RelSymMonCat[V ] 2 SYM MON CAT [N; Rel[V ]])

Finally, we get a traced monoidalcategoryby de�ning the following operator that corresponds
to adding k feedback loops into a diagram.
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[V ]
T r ace : (N � N � N) ! Rel[V ] 7! Rel[V ]

8m; n; k : N�
dom (Trace(m; n; k)) = f R : Rel[V ] j R:d = m + k ^ R:c = n + kg ;
8m; n; k : N; R : Rel[V ] j R:d = m + k ^ R:c = n + k �

Trace (m; n; k) R = (d b= m; c b= n;

r b= f a: V bm; b : V bn j 9c:V bk� (a a c; b a c) 2 R:r g)

This enablesus to complete the speci�cation of our relational traced monoidal category
RelTraM onCat[V ]:

R elT r aM onC at [V ] b=
( o

9c b= HCompose[V ];
domc b= (� R:Rel[V ]� R:d);
codc b= (� R:Rel[V ]� R:c);
id c b= HId [V ];

� o b= (� m; n:N� m + n);
� a b= VCompose[V ];

I � b= HId [V ](0);
Sym b= Transpose[V ];
Trc b= Trace[V ])

rel tra mon cat thm ?̀ [V ](RelTraMonCat[V ] 2 TRA MON CAT [N; Rel[V ]])

Finally, just for completenesslet us instantiate the de�nition to give the Kirchho� category
(whoseobjects are voltage-current) pairs):

V I
V ; I : R

K ir chhof f C ateg or y b= RelTraMonCat [VI ]

References

[1] M. Hasegawa. The Uniformit y Principle on TracedMonoidal Categories.Electronic Notes
in Theoretical Computer Science, 60, 2003. Proc. CICS'02.

12


