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1 Intro duction

This note is the third in a seriesconcernedwith speci cation via pre- and post-conditions. It
setsup a genericframework for systemsformed by wiring together primitiv e building blocks.
Sud systemswill be modelledasrelations using existertially quarti ed equationsfor the xed
points that correspnd to feedba& loopsin the wiring diagram. The approad is basedon
the notion of traced monoidal categoriese.g.,see[1l]. The category-phobicreadershould not
despairasthe discussionhereis self-corained, and the relatively simple ideasthat fall under
this fancy namedo provide a very nice generalalgebraicway of thinking about diagrammatic
models.

2 TRA CED MONOID AL CATEGORIES

In this sectionwe formalisethe notion of a traced monoidal category The readercanthink of
this asjust providing a conveniert syntax for expressingdiagramsof componerts connected
by \wires" of somesort, together with a set of algebraicrelations expressingsomeevidert
identities that ought to hold in sud diagrams.

As an example, considerwhat one might call the Kirchho category which models a classof
electrical circuits. Somebuilding blocks for these circuits are shovn in gure 1 on page?2.
Here one should think of the nodeslabelled X; asinputs and of thoselabelled Y; as outputs.
The valuesof theselabels range over someset of names. Circuits are constructed by wiring
together inputs and outputs (and deleting the labels on the resulting internal nodes). The
resistor building block is labelled with a non-negatiwe real number R giving its resistancein
ohms.

The laws of Kirchho and Ohm imply relationshipsthat must hold betweenthe voltages,Vy, ,
Vy,, and currents, Ix,, ly,, that obtain at the labelled nodesin a physical realisation of a
circuit. Taking the senseof current ow sothat the nodeslabelled X; act as positive current
sourcesthe four building blocks of gure 1 imposethe following constrains:
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Figure 1: Kirchho Category: SomeBuilding Blocks
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On solving these equations for the circuits in gure 2 on page2, one nds that the three
circuits are equivalert. The idea of a traced monoidal category will formalisethe processof
building up the overall input-output relationship of a circuit from its constituert parts. The
algebraiclaws satis ed by a traced monoidal category capture equivalenceslike that of the
rst two circuits in gure 2 which are essetially independen of the semarics of the basic
building blocks. The laws also provide a way of structuring proofs that do depend on the
semartics (lik e the other equivalencein gure 2).

The operatorsthat we are usingto build diagramsare shavn in gure 3 on page4. The notion
of traced monoidal categorythat we are now going to de ne may be viewed as an algevraic
theory of theseoperators. The formalisation of this notion dealswith the operatorsin turn.

The rst stagein the formalisation dealswith horizortal composition. Horizontal composition
is a partial operation: in the Kircho category two circuits f and g can only be composed
horizortally if f hasthe samenumber of outputs as g has of inputs. The composition is
assaiativein the senseahat f 3(gsh) = (f 3g)sh whenewer thesecompositesarede ned. In the
Kircho category a vertical stadk of an appropriate number of resistorswith R = 0 provides
a unit for the composition. All this meansthat horizontal composition is the composition
operator of a category whosemorphismsor arrows are the diagrams and whoseobjects are
the vectorsof inputs or outputs of a circuit.

Formally, we specify a categoryin Z to be a menber of the genericschema CAT de ned
below. The genericparametersO and A give the setsof objects and arrows of the category
respectively. In the Kirchho category the domainand codomain operators correspnd to the
operations of readingo the vector of inputs or outputs of a circuit and the identit y operator
correspndsto the operation of constructing a vertical stads of resistorswith R = 0.
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Figure 2: Kircho Category: SomeEquivalert Circuits

| function 40 leftass@ _ g -

__CAT [0;A]
% - A AT A
domg; cod. : A! O ;
d.:O! A

dom (- g -) = ff;g:Ajood. f = dom; gg ;
8f;g;h:Ajcod. f = dom, g cod. g = dom; h

(f g ech="Fg (g h),;
8f;g: Ajood, f = dom; g

dom, (f g g) = dom, f ™ cod. (f g g) = cod¢ g ;

8X :0
dom, (id. X) = cod¢ (ide X) = X ;
8f:A

ido(dome f) g f = f g idc(code f) = f

We now look at vertical composition: in the Kirchho category vertical composition is as-
scciative, has a unit given by an empty diagram, presenes identities and comrmutes with
horizortal composition in the sensesdllustrated in gure 4 on page5. In categoricaltermi-
nology, the vertical composition is an assaiative bifunctor from the categoryto itself with a
unit, and a category possessinghis additional structure is called a monoidal category

Formally, we specify a monoidal category by the following generic shema MON_CAT. In
which o and 4 give the vertical composition operationsfor objects and arrows respectively
and | givesthe unit. (One could do without , here, but it helpsto make the de nition
succinct). In informal narrative, we will often omit the subscriptsfrom , and .
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Figure 3: Building Diagrams
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Figure 4: Monoidal Categories:Bifunctorialit y

‘ function 40 leftass@ - o - - a-

—M ON _CAT [O;A]
CAT[O; A];

- -0 O! 0
- a-A AV A;
|-

8f;gsh:A (f a9) ah=f a(3 ah);
8f :A (f a1 )=(l a f)y=1;
8X;Y :0 X oY =dom (ide X 4Lidc Y);
8X;Y :0 id¢e X LideY =ide (X oY)
8f, g pa:Aj
cod. f = dom, g ® cod. p = dom. q
(fscd aPsca)=F apsc(@ a0q)

In the Kircho category weincluded a cross-@er for two wiresasa basicbuilding block. Since
any permutation of a vector of elemens can be written as a product of permutations that

exdhange adjacen elemerts, this can be usedto implemert any permutation of the inputs.

Any sud permutation is an isomorphismin the category i.e., an arrow with an inversewith

respect to horizontal composition. In particular, if X and Y are objects in the category
(vectorsof voltage-currert pairs), one has an isomorphismor symmetry betweenthe vertical
compositions X Y andY X. Subject to a condition which ensuresthat symmetries
composejust like transpositions of elemerns in a vector, this meansthat our categoryis what
is called a symmetric monoidal category.

Formally, a symmetric monoidal categoryis to be a menber of the following genericschema.
Here, for objects X and X, the arrow Sym(X;Y) is the isomorphismbetween X Y and
Y X.



—SYM _M ON _CAT [O;A]
MON _CAT [O; A] ;
Sym: 0O O! A

8X;Y :0 dom(Sym(X;Y)) =X oY Mcode(SymX;Y) =Y , X
8X;Y :O0 SymX;VY)g SymY; X)=ide (X o,Y);
8X;Y;Z2:0

SymX ,Y;Z)=

(ide X a2 Sym(Y; Z)) g (Sym(X; Z) aidcY)

Finally, we deal with the feeba& or trace operator.

We now givethe de nition of atraced monoidalcategoryin stages.A traced monoidalcategory
will be a symmetric monoidal category equipped with a trace operator which comprisesa
partial function from arrows to arrows parameterisedby three objects:

—TRA_M ON _CAT _SI G[O;A]
y SYM_MON _CAT [O; A] ;
\Trc:o O O! AI7TA

|

Our rst requiremert on the trace operator says that Trc(X;Y;Z) mapsan arrow from X Z
toY Z to anarrow from X to Y. Typically onethinks of the trace operator as taking a
xed point with respectto to the part of anarrow from X Z toY Z that liesoverZ.

_TRA_M ON _CAT _DOM [O;A]
TRA _MON _CAT _SIG[O; A]

8X;Y;Z:0

dom (Tre(X;Y; Z) =ff :Ajdom,f =X Z"*ocd.f =Y ,2Z09;
8X;Y;Z:0;f Aj

domf =X Z"ocdef=Y ,Z

dome (Tre(X; Y; Z)f) = X N oode (Tre(X;Y;Z2)f)=Y

The following are the naturality properties required of Trc(X;Y;Z). Hasegaa calls these

three properties left tightening, right tightening and sliding. The properties are illustrated in
gure 5on page’.
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Figure 6: Traced Monoidal Categories:Vanishing

_TRA_M ON _CAT _N AT [0;A]
TRA _MON _CAT _SIG[O; A]

8W; X;Y;Z:0;f;h:A]j
dom f =W Z" cd.f=Y ,2Z;
dom; h= X ~ cod. h=W
Tre(X;Y; Z) (h aide Z) g f) =
hg Trc(W;Y; Z)f;
8W; X;Y;Z:0;f;h:Aj
dom. f =X Z"ocodef=W ,Z;
dom¢ h=W ~codc h=Y ( Y not X! )
Tre(X; Y5 Z) (f g (h aide 2)) =
Tre(X; W; Z) f g h; ( in that order! )
8W; X;Y;Z:0;f;h:A]j
dom:f =X W rocd.f=Y ,Z;
dom. h=2Z " cod. h=W
Tre(X; Y Z) ((ide X ah) g f) =
Tre(X; Y; W) (f g (ide Y 2 h))

The following property is called vanishing by Hasegava. It capturesthe ideathat taking a
xed point with respectto anidentit y arrow doesnothing andthat xed points over a vertical
product W Z can be taken by taking xed points over Z then W in turn. This property
is illustrated in gure 6 on page7.



Figure 7: Traced Monoidal Categories:Superposing

__TRA_M ON _CAT _V AN [O;A]
TRA_MON _CAT _SIG[O; A]

8X;Y :0;f A]
dom. f = X "ocod. f =Y
Tre(X;Y;dom. | ) (f .1 )="fF;

8X; Y, W;Z:0;f:A]j
domf=X W Z"cdef=Y W ,Z
Tre(X; Y, W ,2)f =
Tre(X; Y, W) (Tre(X WY o W; 2Z)f)

The following property says that traces commute with the operation of vertical composition
with an identity arrow. This is called sugerposing by Hasegava. This property is illustrated
in gure 7 on pages8.

_TRA_M ON _CAT _SUP[O;A]
TRA_MON _CAT _SIG[O; A]

8W; X;Y;Z:0;f:A]j
dom f =X Z"ocdef=Y ,Z
Trec(W o X; W ,Y;Z)(d.W ,f)=
ide W 4 Tre(X;Y; 2)f

The nal property saysthat the trace of the symmetryon X X is the identity arrow on X .

This is called yanking by Hasegava. This property is illustrated in gure 8 on page9.

~_TRA_M ON _CAT _Y AN [O;A]
TRA _MON _CAT _SIG[O; A]

88X :0
Trc (X; X; X) (Sym (X; X)) = id¢ X

Finally, we put all these piecestogether to complete the de nition of a traced monoidal
category:
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Figure 8: Traced Monoidal Categories: Yanking

__TRA_M ON _CAT [O;A]
TRA_MON _CAT _SIG[O; A]

TRA_MON _CAT _DOM[O; A] ;
TRA _MON _CAT _NAT [O; A] ;
TRA_MON _CAT _.VAN [O; A] ;
TRA_MON _CAT _SUP[O; A] ;
TRA _MON _CAT _YAN [O; A]

3 A CATEGOR Y OF RELA TIONS

We will now formalise a genericcategory of relations in Z. The Kirchho categorydiscussed
informally in the previoussectionmay be formalisedas an instanceof this category As we go
we state theoremswhich build up to the assertionthat the genericcategoryis in fact a traced
monoidal category

If V isany set,V™ givesthe set of all m-tuples with valuesranging over V.

\ function 50 _ b _

=[U]
_b_:PU N! P(sg U)

8V :PU;m:IN Vbm= fs:sqgV j#s=mg

For eath set V, there is a category which we shall call RelCat[V], whoseobjects are the
natural numbersand whosemorphisms(a.k.a. arrows) from m to n are the relations between
V™ and V" composedvia ordinary relational composition!. An arrow in the categoryis given
as labelled triple whosecomponerts give the domain (d), codomain (c), and the relation (r).

‘Rel[\/]%sfm;n:N fR:Vbm$ Vbn (d® m;cs n;r s R)gg

The composition of arrows that makesRel[V] into a categoryis the \horizontal" composition
de ned below.

1We take the objects to be the natural numbers, m, rather than the setsV™ for technical corvenienceto
avoid having the category collapsewhenV = fg.



—[V]
H Compose : Rel[V] Rel[V]!7 Rel[V]

dom HCompse= fR; S : Rel[V]j R:c = S:dg;
8R; S: Rel[V]j R:ic = S
HCompsgR; S) = (d $ R:id; c$ Sic;r 3 Rir g Sir)

The following function givesthe identity arrows in the category

— V]
Hid:N! RelV]

8m:N Hdm=(d#®dm;csdm;r s id(Vbm))

We can now de ne RelCat[V] and state the theoremthat it is indeeda category

RelCat [V] b
(- 8 - ® HComposgV [;
dom. ® ( R:Rel[V] R:d);
cod. 3 ( R:Rel[V] R:c);
ide ® HId[V])

‘ rel_cat_thm ?° [V](RelCat[V] 2 CAT[N; Rel[V]])

The categorybecomesa monoidal categoryunder a product given by addition on objects and
by the following \v ertical composition” on morphisms.

=\
VCompose : Rel[V] RellV]! RelV]

8R; S : Rel[V]
VCompsgR; S) = (d # R:d + S:d; ¢ 8 R:ic + S:c;
refa bcd:sqgqVij(ac)2Rr” (bd2Sr (a2 b c? d)g)

Adding in the necessarystructure we get the monoidal category RelM onCat[V].

10



RelM onC at [V]#
(- 8¢ - ® HComposgV |;
dom.  ( R:Rel[V] R:d);
cod. 3 ( R:Rel[V] R:c);
idc ® HIA[V];
~ o-B(mMnNN m+ n;

a - » VCompmsdV |;

I & HId[V](0))

rel_mon_cat_thm ?° [V ](RelMonCat[V] 2 MON _CAT [N; Rel[V]])

To usethe relation category we will generallyneedto know somethingabout the value do-
main, V. Howewer, one can descrite somegenericconstructionsthat just imposeequational
constrairts. The most important is the following operator that makesthe monoidal category
into a symmetric monoidal category:

—[V]
Transpose : N N! RellV]

8m; n:N
Transpsem; n) = (ds m+ n;cH n + m;
refa:Vbm;b:Vbn (a2 b b2 a)g)

We continueto addin the newstructure and provethat it givesa symmetric monoidalcategory

| RelSymM onC at [V] 5

(- 8¢ -  HComposgV |;
dom.  ( R:Rel[V] R:d);
cod. ® ( R:Rel[V] R:c);
idc ® HIA[V];

_ o-B(mMnN m+ n);
- a- % VCompsdV];

I & HId[V](0);

Sym 1 TranspsqV ])

‘ rel_sym_mon_cat_thm ?° [V ](RelSymMonCafV] 2 SYM _MON _CAT [N; Rel[V]])

Finally, we get a traced monoidal categoryby de ning the following operator that correspnds
to adding k feedba& loopsinto a diagram.

11



—[V]
Trace : (N N N)! Rel[V]!7 Rel[V]

8m; n; k: N
dom (Trace(m; n; k)) = fR: Rel[V]JjRid=m + k™ Ric=n + kg;
8m;n;k:N;R:RelV]jRd=m+ k™ Ric=n + k
Trace (m; n; K) R=(d & m;c 5 n;
rfa:Vbm;b:Vbnj9c:Vbk (a2 c;b@ ¢) 2 Rirg)

This enablesus to complete the speci cation of our relational traced monoidal category
RelTraM onCat[V]:

RelTraM onC at [V] &
(- 8 - ® HComposg\V [;
dom. ¥ ( R:Rel[V] R:d);
cod. 3 ( R:Rel[V] R:c);
ide ® HIA[V];
_ o-B(mMnN:N m+ n);
_ a -3 VComposgV];
I & HId[V](0);
Sym B TransmsqV J;
Trc 1 Trace[V])

] rel_tra_mon_cat_thm ?° [V ](RelTraMonCat[V] 2 TRA_MON _CAT [N; Rel[V]])

Finally, just for completenesdet us instantiate the de nition to give the Kirchho category
(whoseobjects are voltage-curren) pairs):

,_VI
]V;I:R
|

| Kir chhof f Category s RelTraMonCat [VI]
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