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Abstract

This ProofPower-HOL documert presens somede nitions and theoremsfrom number theory.
The topics currently coveredinclude: divisors and greatestcommon divisors; Euclid's algorithm;
e in nitude of the primes; fundamental theorem of arithmetic; divergenceof the seriesof prime
reciprocals; Wilson's theorem.

1 INTR ODUCTION

This documert is one of a suite of mathematical casestudiesin ProofPowerHoL. It dealswith some
elemenary number theory.

Topics currently covered include divisors and greatest common divisors, Euclid's algorithm, the
in nitude of the primes, fundamenal theorem of arithmetic, divergenceof the seriesof reciprocals
of the primes.

There are also a few de nitions and lemmasrelating to generalsubrings of the real numbers. These
are usedto de ne the subring of integersand the sub eld of rational numbers.

2 THE THEOR Y numbers

2.1 Preliminaries

SML

]forc&delete_theory "numbers" handle Fail _ => ();
|open_theory" nc omb’";

[new._theory "numbers";

|setmerge_pes[" basic_hol1"; "%ets alg"; "Z"; "R"];

2.2 Divisors in N

We begin to dewelop the theory of divisors by rst de ning an inx relation, divides suc that
n dividesm i. m is a multiple of n.

SML

declare_in x (200; " Divides");



HOL Constan t

$Divides : N! N! BOOL

8rm n Dividesm, 9Kk m=k n

It is often corveniernt to reducen Divides m to m Mod n = 0. The following block of theorems
provide this and seweral other useful facts, e.g., that Divides is a partial ordering, i.e., it is re exiv e,
antisymmetric and transitiv e.

times_eq_0_thm div_mod_1_thm divides_re _thm
times_cancel_thm m_div_mod_m_thm divides_antisym_thm
times_eg_eq_1_thm ze_div_mod_thm divides_plus_thm
times_eq_1_thm less div_mod_thm divides_times_thm
N_exp_clauses div_mod_times_cancel _thm divides. _thm
N_exp_eq-0_thm mod_clauses divisors_ nite _thm
N_exp_eg_1_thm div_clauses divides_1_thm

N_exp_1_thm mod_eq-0_thm mod _plus_homomorphism.thm
N_exp_divides_thm divides_0_thm mod _times_homomorphism.thm
N_exp_times_thm divides_trans_thm mod_N_exp_thm
N_exp_N_exp_thm divides_mod _thm squae_ _mono_thm

We now specify the greatest common divisor function by requiring it to produce greatest lower
bounds with respect to the divisor ordering.

HOL Constan t

Ged :N! N! N

8m n O<m~0<n
) Gcd m n Divides m A Ged m n Divides n
A (8d d Divides m ~ d Divides n

) d Divides Gcd m n)

We will needto prove the consistencyof the above de nition. Our approad is basedon the one
which exhibits the greatest common divisor of m and n as the smallest positive value of the form
am + bn. To follow that approacd directly requiresa and b to range over both positive and negative
integers. A slightly lesssymmetrical alternativ e is to take the g.c.d. to be the smallest positive value
of the form (am) M od n. This works over the natural numbers and is the method we use.

Various useful lemmasabout greatest common divisors are then proved culminating in the theorem
that Euclid's algorithm computesthem.

Gcd _consistent gal_unique_thm ga_plus_thm
gd _def gd_idemp_thm gad_eg_mod_thm
gad _pos_thm gad_comm_thm euclid_algorithm _thm

Now we de ne the set of prime numbers:



HOL Constan t

|
|
]Prlme—fp11<p"8mn p=mn) m=1_n=1g

The rst important fact we needabout prime numbers statesthat a number is prime i. it is greater
than 1 and whenewer it divides a product it divides one of the factors. The right-to-left direction of
this is simple. It is for this the other direction that we neededto dewelop the theory of the g.c.d.

prime _0_less thm prime _divides_thm prime _thm
prime_2_ _thm gd_prime_thm prime _divisor _thm

2.3 Indexed Sums and Products in N

A useful application of the setfold operation is to de ne the following indexed sum operation. Given
an index set, @, and a function, f, assigninga number to eadch member of a, IndSumy a f is the
indexedsum ,,,f (x), which is de ned on any seta in which f has nite support.

HOL Constan t

IndSumpy : %@ SET! (B! N)! N

8 a a2 Finite » :x2 a

|
|
‘ 8f  IndSumy fg f =
| ) IndSumy (fxg[ a) f = f x + IndSumy a f

P
We will write af asshorthand for IndSumy a f.

SML

declare_alias(" "; plndSumy Q);

Similarly, we de ne indexed products:

HOL Constan t

IndP rody : % SET! (a! N)! N

8f IndPrody fg f =
A 8x a a2 Finite » :x 2 a
) IndPrody (fxg[ a)f = f x IndPrody a f

We will write Q af asshorthand for IndPrody a f.

SML

declare_alias(" "; plndPrody Q);

The theoremsabout sumsand products comprisevarious generalitiesthat make the de nitions useful
in the common cases.Then asan exercisefor the de nitions, we prove the \division by 3 rule” which
says that a number is divisible by 3i. the sum of its decimal digits is divisible by 3.



IndSumy, _consistent IndPrody _consistent ind _prod_N_local _thm

ind _sum_N_def ind _prod _N_def div_3_rule_thml
ind _sum_N_0_thm ind _prod_N_1_thm div_3_rule_thm
ind _sum_N_local _thm ind _prod_N_0_thm

Using indexed products, we can now give Euclid's proof that there are in nitely many primes:

prime_in nite _thm

2.4 Unique Factorisation in N

The next group of theoremsin the script prove the fundamenal theorem of arithmetic, i.e., the
statemert that any positive natural humber can be written uniquely as a product of prime powers.

The existence proof is standard, although it is very conveniert to give an explicit formula for the
exponert of a prime in the factorisation (exmnent_thm). This makes the uniguenesspart of the
argumert very simple.

prime_ _thm divides_cancel _thm prime _divisors_unique_thm
prime _divides_prime _thm expnent_thm prime _divisors_ nite _thm
divides_N_exp_thm unique_factorisation _thm

2.5 Div ergence of the Series of Prime Recipro cals

P , ,
The next block of theoremslead up to the proof that the sum ", 1=ptakenover all primes p diverges.
This is done using essetially the argumert givenin Hardy and Wright [1]. It is conveniert to de ne
the notion of a square-freenumber, i.e., a number that is not divisible by a squareother than 1.

HOL Constan t

Squar eFree : N SET

|
|
|
| 8m m 2 SquaeFree, 8n nb2 Dividesm ) n =1

We rst derive sewral facts about square-freenumbers. In particular we shav that a number is
square-freei . it is not divisible by the squareof any prime. This shawvsthat the non-zeroexponerts
in the prime factorisation of a square-freenumber are all equalto 1. Using this, we shaw that given
any nite setof primes P, the set of square-freenumber whoseprime divisors lie in P is nite and
has 2* (P) elemeris. We then show that every number can be written asa product n> d whered
is square-free.

squae_free_0_less.thm divides_squae_free_thm squae_free_1 _thm
squae_free_prime _thm squae_free_factorisation _thm  squae_free_divisor _thm
factorisation _squae_free_.thm  squase_free_ nite _size_thm squae_free_divisor _thm1l



P
We now give a seriesof theoremsthat build up to the proof that =~ 1=ptaken over prime p nis
unbounded as n tends to in nit y. The argumert is that of [1][Theorem 19] adaptedto t into the
typed framework of HOL.

Considera nite setof primes, P and a positive natural number n. If m  n?2, then either all prime
divisors of m arein P or not. We will estimate the number of m falling under ead of the two cases:

If all the prime divisors of m lie in P, m can be written asm = k2d wherek n and whered
is a square-freenumber whoseprime divisors lie in P. There are at most n choicesfor k and
2#(P) sothere are at most n2*( P) such m.

If m is divisible by a prime q g1at is not in P, we have m = kq for somek n?divg. The
number of such m is therefore ', n?divq taken over all prime qwith q62° andq nZ.

Let Q be the set of primes q n? which are not in P, then, asany m  n? falls under one of the
two cases,one has:

X
n? n2(P) +  n2divq 1)
q2Q
Putting n = 2#(P)*1 this gives:
22#( P)+2 22#( P)+1 + X 22#( P)+2 dlvq (2)
a2Q
Whence, subtracting 22#(P)*1 from both sidesand then, observingthat i divq i=q, and dividing
through by 22#(P)*2 ' one has:
22#( P)+1 X 22#( pP)+2 dlvq (3)
%Q
1=2 1=q 4)
q2Q

l.e., given any nite setof primes P, taking Q to be the set of primes g that are not in P and that
satisfy q  22#(P)*2 the sum of reciprocals of the elemeris of Q is greater than 1=2. That the
sum of the seriesof reciprocals of the primes divergesfollows by an easyinduction (given any initial
subsequencef the sequenceof primes for which the sum or reciprocalsis s, say, the above argumert
givesa longer initial subsequencevhosesumis s+ 1=2). The following block of theoremsimplement
the above proof.

recip _primes_div _estimate_thm1 NR_ind _sum_thm

divisors_ nite _size_thm ind_sum_ _mono_thm

recip _primes_div _estimate_thm2 NR_div_ _thm
recip_primes_div _estimate_thm3 recip _primes_div _estimate_thm5
recip_primes_div _estimate_thm4 recip_primes_div_thm

2.6 Real Integral Domains

In general,an integral domain is a ring without zerodivisors. As we are only concernedwith subrings
of the reals here, any subring of the realsis an integral domain.



HOL Constan t

Reall D : R SET SET

8A A 2 ReallD ,
NR12A
A Bxyx2ANY2A) x+y2A)
A Bx x2A) X 2 A)
N Bxyx2A~ry2A) x y2A)

The domain of (rational) integerscomprisesthe intersection of all real integral domains:

HOL Constan t

Zr : R SET

T
Zr = ReallD

SML

|declare_alias("Z"; pZrq);

To get started, we prove that R is a real integral domain, asis the intersection of any family of real
integral domains, and so in particular is Z, the intersection of all real integral domains. We then
show that Z is precisely the image of the type Z of integersunder the injection ZR:

_real_i _d_thm Z_real_i _d_thm
_real_i _d_thm Z_thm

2.7 Real Fields

A real eld is a real integral domain that is closedunder taking reciprocals of non-zeroelemerns.
HOL Constan t

RealField : R SET SET

8A A 2 RealField ,
A 2 ReallD
A (8x x2 AnfNROg) x 12A)

The eld of rational numbesis the intersection of all real elds.

HOL Constan t

Qr : R SET

T .
Qr = RealField

Following a similar pattern to the last section, we prove that R is a real eld, asis the intersection
of any family of real elds, in particular, Q, the intersection of all real elds. We prove that Z is a
subsetof Q. An explicit formula for the set Q is givenin the next section.



_real_ eld _thm rat_real_i _d_thm
_real_ eld _thm Z_ _rat_thm

SML

‘declare_alias("Q"; PQRQ);

2.8 Fields of Fractions

The eld of fractions of a set A, (typically an integral domain) is the intersection of all elds that
contain A.

HOL Constan t

Fiel dOf Fractions : RSET ! R SET

. , T . .
8A FieldOfFractions A = fK j K 2 RealField ®* A Kg

We prove that the eld of fractions of any setis indeedareal eld andthat Q isthe eld of fractions
of Z. We then shaw that if A is an integral domain, then its eld of fractions doesindeed comprise
preciselythe set of fractions a=bwith a;b2 A and b6 0. Using this we can derive an explicit formula
for the set Q.

eld _of _fractions_ eld _thm rat_thm
eld _of _fractions_thm rat_thm1
rat_ eld _of _fractions_thm

3 Irrationalit y of Quadratic Surds

We prove that any quadratic surd that is not an integer is irrational, and in particular, that P 2is
irrational. The proof is as follows: if m? = kn? for any natural numbersk, m and n with k positive
and n > 1, then any prime divisor of n is also a prime divisor of m. Thus, by in nite descen, the
only solutions of this equation with k agd n positive have n = 1, i.e., the only solutions are when
k = m? is a square. Thus to prove that = 2 is irrational it suces to show that it is not an integer.

sgrt_eq_thm sgrt_2 _lemma
quadmtic _surd _thm1 sqrt_2_irr ational _thm
guadmtic _surd_thm

4 Arithmetic modulo a Prime

The next block of results develop some basic facts about arithemetic modulo prime numbers, e.g.,
the existenceof multiplicativ e inversesmodulo primes. The block concludeswith Wilson's theorem:
if 1< p,thenpisprimei. (p 1)!'iscongruert to 1 modulop. We state this in term of the mod
operator on the natural numberssothat it becomes\pis primei. (p 1)!modp=p 1"



plus_mod_thm times_mod_p_inverse_thm1 wilson_lemmal
times_mod_p_inverse_thm times_mod _p_inverse_unique_thmvilson_thm
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5 THEOREMS IN THE THEOR Y numbers

max _2 _thm "8mna (8i i2a) i m)*"n2a) Maxa?2a

_max _thm "8mna (8i i2a) i m)~An2a) n

times _eq-0_thm

8mn m n=0, m=20 n=2~0
times _cancel _thm

"8kmn O<k”~k m=k n) m=

times _eq-eq-1_thm
"8mn 0<n™”"mM n=n) m=1
times _eq_1_thm

~

8mn m n

I
=
3
I
=
>
5
I
=

N_exp _clauses
"8m mbO=1"mMbl=m”"mb?2
N_exp _eq_0_thm

I
o
3
I
o

>
=]
I

o

8mn mbn
N_exp _eq_1_thm

1l
[EEY
>

1
o

8mn mbn=1, m

N.exp_l.thm ~8m mbl=m
N_exp _div ides _thm

"8mkn k n) mbk Dividesmbn
N_exp _times _thm
"8mnk mbn mbk=mb(n+ k)
N_exp _N_exp _thm

"8mnk (mbn)bk=mb(n k)
div _mod _1_thm

"8m mDvi1li=m”"mModl1l=0
m _div _-mod _m _thm

"8m 0<m) mDvm=1""mModm=20

zero_div _-mod _thm

"8m 0<m) ODvm=0"0Modm=0

less_div _-mod _thm

"8mn n<m) nDvm=0"nModm=n

div _mod _times _cancel _thm
" 8kmn
0< Kk
) (m Kk+ n)Divk=m+nDivk
A(m k+ n)Mod k = n Mod k

mod _clauses ~ 8k mn

0<k

) (m Kk)Modk=0

AN(k m)Modk=0

A(k m+ n)Mod k = n Mod k
N(m k+ n)Mod k = n Mod k
A(n+ k m)Mod k = n Mod k
N(n+ m k) Mod k = n Mod k
A (k + n) Mod k = n Mod k

N (n + k) Mod k = n Mod k
A0 Mod k=0

Nk Mod k =0

N

m Mod k Mod k = m Mod k

Max a



div _clauses T8k
0<k
) (8m
0< Kk
) (m Kk)Divk=m
ANk m)Divk=m

NODivk=0
Nk Div k= 1)
N (8 mn
n<k

) (k m+ n)Divk=m
A(m k+ n)Divk=m
A(n+ k m)Divk=m
AN(n+ m k)Divk=m
AN(k+n)Divk=1
A (n + k) Div k = 1)
mod _eq-O_thm ~ 8 mn O0<n) (MModn=0, (9k m=Kk n))
div ides _0_thm
" 8m m Divides 0 » (O Dividesm, m = 0)
div ides _-mod _thm
T 8nm
n Divides m, (if 0 < nthenm Mod n elsem) = 0
div ides _ref [ _thm

" 8 m m Divides m
div ides _antisy m _thm
“8mn n Dividesm” m Dividesn, m=n
div ides _tr ans _thm
" 8mn Kk n Divides m~ m Divides k) n Divides k
div ides _plus _thm
"8mnd
d Divides n ) (d Divides m + n, d Divides m)
div ides _times _thm
"8md dDividesm d” dDividesd m
div ides = _thm
"8mn 0O<mA~AnDividesm) 0<n”n m
div isor s_f inite _thm
"8m 0< m) fdjd Divides mg 2 Finite
div ides _1_thm
"8m mDivdesl, m=1
mod _plus _homomor phism _thm
" 8mnk
0<k) (m+ n)Modk=(m Mod k + n Mod k) Mod k
mod _times _homomor phism _thm
"8mnk
O0<k) (m n)Modk=(mMod k n Mod k) Mod k
mod _N_exp _thm
"8mnk 0<k) mbnModk= (m Mod k) b n Mod k
squar e _mono _thm
"8mn m n, mb2 nb2
Gced _consistent
* Consistent

10



( Gad®
8mn
O<m~™0<n
) God®m n Divides m
A Ged®m n Divides n
N (8d
d Divides m ~ d Divides n
) d Divides Gcd®m n))
gcd_def T8mn
O<m~™0<n
) Gcd m n Divides m
A Ged m n Divides n
N (8d
d Divides m ~ d Divides n
) d Divides Gcd m n)
gcd_pos_thm "8mn 0<m~0<n) 0<Gcdmn
gcd_uniq ue _thm
"8mnd
0<m
A0 <n
A d Divides m
A d Divides n
A Ged m n Divides d
) d=Gad mn
gcd_idemp _thm
"8m 0<m) Gadmm=m
gcd_comm _thm > 8 mnd 0<m”"0<n) Gaddmn=Gcdnm
ged_plus.thm " 8mnd 0<m” "0<n) Gadd(Mm+ n)n=Gcdmn
gcd_eg_mod _thm
T 8mn
O<m~”A"0<n”"0< mModn
) (9a
0< (a m)Modn
N (8Db
0< (b m)Modn
) (@ m)Modn (b m)Modn)
ANGad mn=(a m)Modn)
eucl id _al gorithm _thm
T 8mn
0O0<m~0<n
) Gcd mn
= (if m<n
then Gad m (n  m)
elseif m = n
then m
elseGcd (m n) n)
prime _O_less_thm
"8p p2Prime) 0<p
prime _2_ _thm
"8p p2Prime) 2 p
prime _div ides _thm

11



“8p
p 2 Prime
, 1<p”™(8d dDividesp, d=1_4d=p)
gcd_prime _thm
"8mp O<m~Ap2Prime) Gaddmp=1_Gadmp=p
prime _thm " 8p
p 2 Prime
, 1<p
N (8 mn
p Divides m n ) p Divides m _ p Divides n)
prime _div isor _thm
"8m 1<m) (9pn p2Prime”*"m=p n)
| NndS um y _consistent

* Consistent
( IndSumy?®
8f
IndSumy %fg f =
N (Bx a

a2 Finite » : x2 a
) IndSumyO(fxg[ a) f
= f x + IndSumy®a f))
ind _sum _N_def
T 8f
fg f =
N (Bx a
a2 Finite » : x2 a
) (fxg[ a)f = f x + af)
ind _sum _N_0_thm
T B8Af
A 2 Finte » Af=0) (8x x2A) fx=0)
ind _sum _N_local _thm
T8Afg
A 2 Finite » (8x x2 A) f x=gXx)
) Af= Ag
I ndP rody _consistent
* Consistent
( IndPrody°
8f
IndPrody O fg f =
N (Bxa
a2 Finite » : x2 a
) IndProdnO (fxg[ a) f
= f x IndProdya f))
ind _pr od_N_def
T 8f
fg f =
N (Bx a
a 2 Finite " :

X 2 a
) (fxg[ a) f = f

af)
ind _prod_N_1_thm
T 8Af

12



A 2 Finite » Af
ind _pr od_N_0_thm
T 8Af
A 2 Finite ~ Af
ind _pr od_N_local _thm
"8Afg
A 2 Finite » (8x x2 A) f x=gx)
) Af Ag
ind _pr od_N_clauses
T 8xf fgf=1~" fxgf = f x
ind _prod_N_[ _thm
“8abf
a 2 Finite ~ b 2 Finite
) (@[ b) f (@a\ b) f = af b f
ind _prod_N_disj _[ _thm
“8abf
a 2 Finite ~ b 2 Finite » a\ b= fg
S ) (a[ b)f = af b fS
_f inite _thr’% "8V V 2 Finite M V Finite ) V 2 Finite
ind _prod_N_ _thm

1) 8x x2A) fx=1)

0) 9x x2A~fx=0)

T 8uf
u 2 Finite
A u Finite
’\(8§b a2u”b2u”~: a\ b=1fg) a=Db)
) (uf= u( a af)
ind _pr od_N_mod _thm
T8Afd
A 2 Finite * 0 < d
) Af Mod d = A( k f k Modd) Mod d

ind _prod_N_k_1_thm
" 8Af A2 Finite ) A( k 1)=1
f actor ial _ind _pr od_N_thm
T 8m fkjil k~"k mg( k k)=m!
f actor ial _ind _pr od_N_thm 1
"8m 0<m) (m 1)!= fkil k"M"k<mg( k k)
div _3_rule_thm 1
© 8 digits n
fiji <ng( i digitsi 10 bi) Mod 3
= fiji < ng( i digitsi) Mod 3
div _3_rul e_thm
© 8 digits n
3 Divides fiji < ng( i digitsi 10bi)
, 3 Divides fiji < ng( i digits i)
prime _2_thm ~ 2 2 Prime
prime _inf inite _thm
Prime 2 Finite
prime - _thm ~ 8pAf
A 2 Finite » p 2 Prime » p Divides A f
) (9x x 2 A" pDivides f x)
prime _div ides _prime _thm
"8pg p2 Prime ™ q2 Prime " pDividesq) p=g
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div ides _N_exp _thm
T8pmn
p 2 Prime ~ p Dividesmbn) m= 0 _ p Divides m
div ides _cancel _thm
"8mnd
m=0) (d mDividesm n, d Divides n)
exponent _thm ~ 8 e
fkj: ek = 0g 2 Finite » fkj: ek = 0g Prime

) (8K
ek
= (if k 2 Prime
then
Max
fi
jKbi
Divides
fkj: ek = 0g
( p pbep)
else 0))
uniq ue_f actor isation _thm
" 8m
0<m
) (91 e

fkj: e k = 0g 2 Finite
N fkj: ek = 0g Prime
Am = fki: ek=0g( p pbep)
prime _div isor s_unig ue _thm
"8P Qe
P 2 Finite
NP Prime
N Q 2 Finite
N Q  Prime
n P( k kb(ek+ 1))
= Q( k kb(ek+ 1))
) P=Q
prime _div isor s_f inite _thm
"8m 0<m) fpjp2 Prime N p Divides mg 2 Finite
squar e_f ree_0_less_thm
"8m m2 SquaeFRee) 0<m
squar e_f ree_prime _thm
T 8m
m 2 SquaeFee
, (8p p2Prime) : pb2 Divides m)
f actor isation _squar e_f ree_thm
8P Q
P 2 Finite ~ P Prime ) P ( k k)2 SquaeFee
div ides _squar e_f ree_thm
" 8md d Dividesm”™ m 2 SquaeRee ) d 2 SquaeFee
squar e_f ree_f actor isation _thm
T 8m
m 2 SquaeRee
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) m= fpjp 2 Prime ~ p Divides mg ( k k)
squar e_f ree_f inite _siz e_thm
" 8P
P Prime ~ P 2 Finite
) fm
jm 2 SquaeFree
N(8p p2Prime " pDivdesm) p2 P)g

2 Finite
N#
fm
jm 2 SquaeFee
" (@8p
p 2 Prime ~ p Dividesm) p 2 P)g
=2b# P
squar e_f ree_1_thm
* 1 2 SquaeFee
squar e_f ree_div isor _thm

~

8 m
O9nd nb2 m~d2SquaeFee” m=d nb?2
squar e_f ree_div isor _thm 1

T 8m
0<m
) (9nd
0<n

NO<d
A'nb?2 m
N d 2 SquaeFee
"m=d nb?2)
recip _pr imes _div _estimate _thm 1
" 8Pn
0O<n”P Prime ™ P 2 Finite
) fm
j1 m
"m nb?2
N(8p p2Prime” pDivdesm) p2P)g
2 Finite
N H#
fm
i1 m
"m nb?2
"~ (8p
p 2 Prime » p Dividesm ) p 2 P)g
n 2b# P
div isor s_f inite _siz e_thm
" 8nd
0O0<n”~0<d
) fmjl m~ m n ” d Divides mg 2 Finite
ANg fmjl m~m n” dDivides mg= n Div d
recip _pr imes _div _estimate _thm 2
T8Qn
Q2 Finte " (89 gq2Q) 0<g~™"0<n
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) fm
j1 m
Am n
N(9qg g2 Q" g Divides m)g
2 Finite
N #
fm
i1 m
Am n
" (99 q2 Q" qDivides m)g
Q( g nDiq
recip _primes _div _estimate _thm 3
"8nPQ
O0<n
P  Prime
P 2 Finite
Q=fqgqg nb27”qg2Prime”: q2Pg
Q 2 Finite
nb?2

N
N
N

) 2
“nb
n 2b# P+ Q( g nb2Div Q)
recip _primes _div _estimate _thm 4
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