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Abstract

This documert presens somede nitions and theoremsfrom elemenary nite conbinatorics.
The de nitions include a \fold" operator for nite setsand the operation that sumsa real-valued
function on a nite indexed set. The theoremsinclude: more facts about niteness and the size
of nite sets; algebraic properties of indexed sums; induction over nitely-supp orted functions;
the inclusion/exclusion principle; the binomial coe cien ts and their basic properties, including
the formula for the number of combinations and the binomial theorem.

1 INTR ODUCTION

This documert is oneof a setof documerts containing mathematical casestudiesin ProofPower-HoL.
It dealswith some nite combinatorics. Notable results include the inclusion/exclusion principle,
the formula for the number of combinations and the binomial theorem.

Section 2 below gives an overview of the theory, including all the speci cations and a guide to the
theorems proved. Section 3 corntains a listing of all the theoremsproved in the theory. An index to
the speci cations and the theoremsis given at the end of the document.

2 THE THEOR Y nc omb

2.1 Preliminaries

The following commandsset up a theory to hold the de nitions, theorems,etc., and a proof context
that is conveniert for the work. The theory is a child of the theory \analysis" (de ned in [2]) from
which we use seweral de nitions, in particular, the characteristic function A of a setA.

SML

‘force_delete_theory"f incomb” handle Fail _ => ();

‘open_theory" analysis";

[new_theory™ nc omb’;

|set. merge pes[* basic_hol1"; " %ets alg”; "%Z"; "R"];

2.2 Folding Binary Operators over Finite Sets

The following de nition of a \fold" operation for nite setsis parametrised by three things: an
assaiative and commutativ e binary operator, p, with identit y elemen, e, and a \v aluation" function



v; the operation maps the valuation function over a set combining the resulting values with the
product operation.

HOL Constan t

SetFold: %! (! %! %! (b! %! HSET! %

8epv
(8x pxe=x)
" (BXy pxy=pyx)
A Bxyz p(pxy)z=px(py 2)
) Setfoldepvfg = e
A 8x a a2 Finite » :x 2 a
) Setrold e pv (fxg[ a) = p (v xX) (SetFold e p v a)

The parametrisation of SetFold is as recommendedby Nipkow and Paulson and works nicely. An
alternativ e would be to combine p and v into a single function, say f = xy p(vx)y but then the
algebraic laws that f must satisfy have an unfamiliar form. The two approadcesare interde nable.

The theoremsin the theory begin by with somelemmasabout nite setsand their sizes. Theseare
then usedto prove two lemmasneededto prove the consistencyof the de nition of SetFold.

[ - nite _thm list _ nite _size_thm SetFold _consistent
elems. nite _thm set_fold_consistent_lemmal set_fold _def
list _ nite _size_.thml set_fold _consistent_lemma2

2.3 Further Theorems Ab out Finiteness

The rst block of theorems extends the repertoire of lemmasabout nite setsand their sizes. The
approad to this topic in the ProofPowerHOL library tends to characterisea nite set, A, as one
that can be written asElemgL) for somelist L and the size# (A) asthe length # (L) wherelL isa
list of distinct elemeris with ElemgL) = A.

The rst few theoremsare aimed at an alternativ e characterisation of a nite set A asone that is
in one-onecorrespndencewith an initial subsetof the natural numbers, fiji < mg for somem. En
route are proved various useful facts, e.g.,that niteness and size are presened under bijections.

singleton_ nite _thm range. nite _size_thm distinct _nth_thm
size. _di _thm length_map_thm bijection _ nite _size_thm
_ nite _size_thm elems.map_thm bijection _ nite _size_thm1
_size_eq_thm map_distinct _thm range_bijection _ nite _size_thm
size_disjoint _[ _thm nth_2_elems. thm surjection _ nite _size_thm
[ - nite _size. _thm elems.nth_thm range_ nite _size_thml

The next block of theoremsdeal with the power set operator. Pa is de ned in the ProofPower+HoL
library by the bi-implication x 2 Pa () x a. The rst theorem below just recaststhis as an
equation. There are then two trivial but quite usefullemmasabout binary partitions of a power set.
This is followed by the theoremthat, if a is nite, then sois Pa and # (Pa) = 2#( 2



P_thm P_split_thm1
P_split _thm P_ nite _size_thm

2.4 Sums over Finite Indexed Sets

A useful application of the setfold operation is to de ne the following indexed sum operation. Given
an index set, g, and a function, f, assigninga real number to ead member of a, IndSum a f is the
indexedsum ,,,f(x), and is de ned for any seta in which f has nite support.

HOL Constan t

IndSum :% SET! (B! R)! R

8f IndSum fg f = NR O
n 8x a a2 Finite » :x2 a
) IndSum (fxg[ a) f = f x + IndSum a f

We will write P af asshorthand for IndSum a f.
SML

‘declare_alias(" " pIndSumq);

The consistencyproof for IndSum is very simple given the set fold operation. As with SetFold, the
de nition is intended to cover the two important caseswhere a is nite (ind_sum_defl) or where f
has nite support (ind_sum_def2).

IndSum_consistent ind _sum_def

We now begin to develop the theory of indexed sums. The, rst result is an example: if A is nite,

then its size# (A) may be Balculated asthe indexedsum , 1. The next few theoremsshow that
the indexed sum operator 5 f is linear in f (i.e., it respects addition and multiplication by a
constart) and give someuseful consequencesf this.

A principle that is applied almost unconsciouslyin informal reasoningis that the indeised sum;J af
is alocal property of f , in the sensehat, if f and g arefunctions that agreeon A, then ,f =, 0.
This block of theorems concludeswith one showing how indexed sums behave when the function is
E,omposqgwith a bijection: if bis a bijection on the set A and B is the image of A under b, then

sf = alx  f(b(x))

ind _sum_size_thm ind _sum_const_times_thm ind _sum_local _thm
ind _sum_plus_thm ind _sum_0_thm ind _sum_0_bc_thm
ind _sum_minus_thm ind _sum_di _0_thm bijection _ind _sum_thm

We now have two lemmasfor calculating the indexed sum in two caseswhere there is at most one
non-zerovalue in the sum:

ind _sum_ _singleton_thm ind _sum_singleton_thm



Now we de ne the support of a real valued function.

HOL Constan t

Supp : (! R)! % SET

8f Suppf =1fxj:f x=NROg

Next comesan induction principle for functions of nite support, i.e., functions f such that f (x) 6 0
for at most nitely many x. If p is any property of functions that is true for the characteristic
function, ¢4, Of any singleton set, f xg, and that is presened under addition and multiplication by
a constant (for operandsof nite support), then p(f) holds for any function f of nite support.

. . . P . _—
In working with anindexedsum L f, onecanalways assumethat f has nite support (by adjgstlng
it to be 0 outside A if necessary). This induction principle givesa dierent line of attack on = 5 f,
which can be particularly usefulif the internal structure of A is complex.

n _supp.induction _thm n _supp.induction _thm1 supp_clauses

We will usethe induction principle for functions of nite support to tackle the inclusion/exclusion
principle. The inclusion/exclusion principle dealswith a family U; of setswherei rangeover a nite
and non-empty index set |. The inclusion/exclusion principle is the following equation giving the
size of the union of the U;.

I 0 1

X \
# U = ( P @ yA (1)

i21 J 2 Pl j2d
J 6 fg

This is a special caseof a more generalstatemert about indexed sumsand the more generalstatemert
is actually rather simpler to prove. The more general statemert is the following, which holds for U;
and | above and any real-valued function f :

0 1

X X
f(x) = (DG T @k )
X2 i2|Ui J 2Pl z2 23 Uj
J 6 fg

The statement about sizesfollows immediately from the statement about indexed sumsby applying
it to the function f (x) = 1. The statemert about sumsis better understood in the following more

symmetric form in which A = 5, U; is the range of the sum on the left-hand side of the above
equation: 0 1
X
(DG T f@K=0 3)
J2PI z2 A\ Uj

j23

Here, the intersectionswith A in the range of the inner sum have no e ect exceptwhen J is empty.
The previous statement thus follows from the above simply by subtracting the sum over the non-
empty J from both sidesof the equation.

It is quite natural to attempt to prove equation (3) by induction on | (or on the sizeof |). This
works, but the proof is somewhat complicated. Somewhat simpler is to work by induction on A,



but it it still quite complex. Instead, our proof of the inclusion/exclusion principle implements the
above remarks together with the proof of equation (3) sketched below which works by induction on
the structure of f .

Changing it to be identically 0 outside A if necessarywe may assumef has nite support, and, as
the left-hand side of (3) is easily seento be linear in f, the principle of induction for functions of
nite support meansit is sucien t to prove (3) whenf = ¢,4 is the characteristic function of a
singleton setfxg. Forf = 4, the summandf (z) on the left-hand side of (3) is 1 or 0 according
asz = x or not. Thusthe inner sumis 1if x 2 U; for all j 2 J and vanishesotherwise.

So,if x is not in any U;, the left-hand side of (3) vanishesand we are done, and, if x is in someU;,
(3) reducesto:
( pI=o0 (4)
J2Pfj21jx2U;g

(Formally, we are apBeaIing hergto the gJeciaI clgseof the inclusion/exclusion principle when# (1) =
2, which statesthat g cf = gf+ (f grncf,with B=Pfj 21jx2 UjgandC = PInB.)

P
But now | claim that = j,pc (1) 9) = 0 for any non-empty indexed set K , which, taking K =
fj 2 1jx 2 Ujgin (4) will complete the proof.

To seethat P 32k (103 = 0 for any non-empty indexed set K , pick k 2 K, then, as J ranges
over P(K nfkg), the setsJ and J [ fig range over PK (with every member of PK appearing exactly
once). As ( 1)*(9) = ( 1)#(J[F 19) the cortributions of J and J [ fig cancelout and the sum is
zero. (Formally, we are again using the special caseof the principle for # (1) = 2 together with the
result about indexed sums composedwith a bijection.)

The above proof is captured in the following seriesof theorems, which give the main stepsin the
above argumert in bottom-up order:

. .S : .
ind _sum_[ _thm ind_  _ nite _thm ind _sum_inc _exc_thm
ind _sum_P_thm ind _sum_inc _exc_sym_thm size_inc_exc_thm

A nal block of theoremsin this section are useful facts about supports and indexed sums of use
elsewhere.

supp. _thm ind _sum_supp_thm ind _sum_singleton_ _thm
supp_plus_thm ind _sum_transfer_thm ind _sum_ _thm

2.5 Binomial Coecien ts

We de ne the binomial coe cient CJ, by recursion equationsin the usual way. The consistencyof
the de nition is proved automatically.



HOL Constan t

Binomial :N! N! N

Binomial 0 0 = 1
n (8m Binomial 0 (m+1) = 0)
A (8n Binomial (n+1) 0 = 1)
‘ A (8 m Binomial (n+1) (m+1) = Binomial n m + Binomial n (m+ 1))

After the inclusion/exclusion principle, we turn to something a little simpler, proving that if A is
a set of sizen, then A has CJ}, subsetsof sizem. In a related vein we also prove the binomial
theorem (but apart from the algebraic facts about the binomial function that are used, the proofs
are separate).

We then have a couple of useful lemmas about the factorial function which are usedto prove the
formula C*" = (n+ m)!=m! n!

binomial _0_clauses combinations_ nite _size_.thm  factorial _not_0 _recip_thm
binomial _less.0_thm binomial _thm1 factorial _times_thm
binomial _eg_thm binomial _thm binomial _factorial _thm
2.6 Sampling

If A isa nite setof sizes say, there are s" ways of taking an ordered sample of m not necessarily
distinct elemens of A (\sampling with replacemen"). If the samplesare required to be distinct,

then there are no samplesunlesss = m+ n n, sa, and then the number of samplesis (m+ n)(m+

n 1):::(m+ 1) (\sampling without replacemen®). The following function givesthis quartity asa
function of m and n.

HOL Constan t

DistinctS amples: N! N! N

(8n DistinctSamplesn 0 = 1)
" (8m n DistinctSamplesn (m+1) = (n+m+1) DistinctSamples n m)

|
|
|
|
|
The following block of theorems help deal with sampling and provide some further useful conbi-

natorial facts. The rst in the block provesthe existenceof a polymorphic enumeration function

assigningto ead nite set A, a function enumerat@ which maps the set of natural numbers less
than # (A) bijectively onto A. This is usedto prove a theorem about \coverings": let us say a setB

coversanother set A, if there is a function f and a natural number m mapping B to A sud that the
inverseimagesf 1(y) asy rangesover A are all nite and of sizem; in these circumstances,then if

A is nite, soisB and# (B)=m # (A).

Thesefacts (together with earlier courting principles) are then usedto prove the statemerts made
above about sampling, in which we use lists to represen ordered samples. This represenation ts
in nicely with earlier results connecting lists and nite sets.

enumemte_thm samples nite _size_thm distinct _samples up_thm
covering_ nite _size_thm distinct _samples rw _thm distinct _samples nite _size_thm



Determining probabilities in nite sample spacesis \simply" a matter of courting: if S is nite
samplespacewith # (S) 6 0 and X is a subsetof S, then the probability that an event in S belongs
to X is# (X)=# (S).

The next theorem givesthe well-known calculation that in a group of 23 people,the probability that
at least two people have the samebirthday is greater than 1=2. This is a simple consequencef the
above theoremson sampling (S and S X being the set of samplesof size 23 out of a set of size 365
with and without replacemen respectively). In section 2.7, we do a harder example.

birthdays_thm

2.7 Application: Bertrand's Ballot Theorem

In Bertrand's ballot problem a ballot is held betweentwo candidates, North and South, say. North
beats South, the votes being counted one at a time by a single clerk. The problem is to calculate
the probability that at all times during the court, North had a majority over South.

The answer is the result of dividing the North's nal majority by the total number of votes cast.
l.e., if the North receivesM votes and South N, the probability is(M  N)=M + N).

Following Feller [1], we represen the ballot problem using walks (also called \paths" in [1]). We
de ne a walk of length n starting at x is a sequenceof integerss; such that sp = X, jSm+1  Smj =1
for 0 i< n and (for de niteness) sp+1 = sp, form n.

HOL Constan t

Walk :N! Z! (N! Z)SET

8n x s
s 2 Walk n x
, s0=x
A (M m< n) Abs(s(m+1) s(m)) = NZ1)
|~ (M n m) sm=sn)

In talking about walks, we often identify a walk s; with the polygonal path obtained by joining
the points (i; sj) in the plane. Under this identi cation a walk starting at x of length n begins at
(0; x), takesn diagonal north-east or south-eaststepsand then headsdirectly eastinde nitely . The
following de nition capturesthe nal y-value taken on by a walk.

HOL Constan t

WalkTo:N! z! Z! (N! Z)SET

8n xys
s 2 WalkTon x vy
, s2Waknx”sn=y

Walks satisfy a discrete version of the intermediate value theorem: if x, y and z are integers such
that z lies betweenx and y then any walk from x to y takesthe value z at somestage.

In the ballot problem, de ne t; to be the (possibly zero or negative) majority of North over South
when the i-th vote is counted. Then t; is a walk of length M + N from Oto M N and any suc
walk correspndsto exactly one possibleorder in which to court the votes.



HOL Constan t

BallotCounts : N! N! (N! 2Z)SET

8m n BallotCounts m n = WalkTo (m + n) (NZ 0) (NZ m NZ n)

Thus the probability we have to calculate is x=s, where s is the total number of walks, t;, of length
M+ N from Oto M N, and where x is the number of these that are favourable i.e., that are
sud that t; > O for i > 0. For any Q, a walk of length M + N from Q to Q+ M N is uniquely
determined by the set of indicesi for which tjs1 tj = 1. Thus the number of such walks is the
number of ways of choosingM numberslessthan M + N, i.e.,s= CM*N.

To calculate the number of favourable walks, we use what Feller calls the re ection principle. This
says that, if i andj are positive integers, then there is a one-to-onecorrespondencebetweenwalks
of length M + N, s;, from i to j which crossthe x-axis and arbitrary walks of length M + N from
i to j. To seethis one obsenesthat, by the intermediate value theorem for walks, a walk, t;, of
the secondsort must have t; = 0 for somei; re ecting the initial negative segmen of t; in the x-axis
givesa walk s; of the rst sort. This re ection de nes the required one-to-onecorrespondence.

Now if t; is a favourable walk of length M + N from O0to M N then u; = tj4+; denes a walk
from 1to M N > 0 which doesnot crossthe x-axis. From the re ection principle, we have that
the number of such walksisa= Cy "N 1 CUW*N 1 1t then follows from a calculation using the

expressionof the binomial function in terms of factorials, that x=s= (M N)=M + N).

The following block of theoremsimplemernts the proof sketched above.

walk_thm walk_to_minus_thm
walk_to_thm walk_to _intermediate_value_thm
walk_ nite _size_thm walk_to_re ection _thm

walk_to_ nite _size_.thm ballot _lemmal
walk_to_empty_thm ballot _lemma2

walk_to_ nite _thm ballot _lemma3
walk_walk_to_thm ballot _lemma4

walk_shift _thm ballot _lemma5b

walk_minus_thm ballot _thm
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3 THEOREMS IN THE THEOR Y ncom b

NR_N_exp_thm = 8 mn NR (mMbn)=NRmMbnN
Z_abs_eq_1_thm

" 8x Absx=NzZ1, x=NzZ1_x= (NZ1)
walk_def 1 "8nxs

s 2 Walk n x

, s0=x

A (8 m
m< n
) s(m+ 1) + (sm)=Nz1
_s(m+ 1)+ (sm)= (NZ1))

AN@Bm n m) sm=sn)
[ finite thm -~ 8 AB A [ B 2 Finite , A 2 Finite » B 2 Finite
min _2 _thm "8na n2a) Mina?2a
min _ _thm "8na n2a) Mina n
elems _f inite _thm
* 8 list Elems list 2 Finite
list _f inite _siz e_thm 1

" 8a
a 2 Finite
, (9 list
list 2 Distinct

N Elems list = a
N# o list = # a)
list _f inite _siz e_thm
T 8am
a2 Finte "# a=m
, (9 list
list 2 Distinct » Elemslist = a ™ # list = m)
set _f old_consistent _lemma 1
T 8xlistl n
X 2 Elems listl
A listl 2 Distinct
N#glistl =n+ 1
) (9 list2
list2 2 Distinct
A Elems list2 = Elems listl n fxg

N olist2 = n)
set _f old_consistent _lemma 2
T 8epyv

8x pxe=Xx)
"(@Bxy pxy=pyx)
"@Bxyz p(pxy)z=px(py2)
) (8 n listl list2
listl 2 Distinct
A list2 2 Distinct
AN#odistl = n
A Elems listl = Elems list2
) Fold ( xy p(vx)y)listl e
= Fold ( xy p(vx)y)list2 e)



SetF old_consistent
* Consistent
( SetFold®
8epyv
B8x pxe=Xx)
N(@Bxy pxy=pyx)
"@Bxyz p(pxy)z=px(py2)
) SetFold’epvfg = e
N (Bx a
a2 Finite » : x2 a
) SetFold®e p v (fxg[ a)
= p (v x) (SetFold®e p v a)))
set_f old_def T 8epyv
8x pxe=Xx)
"(@Bxy pxy=pyx)
"@Bxyz p(pxy)z=px(py2)
) Setroldepvfg =e
N (Bx a
a2 Finite " : x2 a
) SetFold epv (fxg[ a)
= p (v x) (SetFold e p v a))
I ndS um _consistent
"~ Consistent
( IndSum®
8 f
IndSum®fg f = NR O
N (8Bx a
a2 Finite » : x2 a
) IndSum®(fxg[ a) f
= f x + IndSum®a f))
ind _sum _def =~ 8f
fgf = NRO
N (Bxa
a2 Finite » : x2a
) (fxg[ a)f =1 x + af)
sing leton _f inite _thm
T 8 x fxg 2 Finite
size_ _dif f _thm
"8ab a2Fnte b a) #a=# (anb)+#Db
_f inite _siz e_thm
"8ab a2Finte b a) b2Fnte "# b # a

_siz e_eq_thm
"8ab a2 Finte b a"#b=#a) b=a
siz e_disj oint _[ _thm
“8abc
a2 Finte a=b[ c*b\ c=1g

) #a=# b+ #cC
[ _finite _size_. _thm
“8ab
a 2 Finite ® b 2 Finite
) a[ b2 Finite "# (a[ b) # a+ # Db

10



rang e_f inite _siz e_thm

T 8m fiji < mg2 Finite M # fiji < mg=m
length _-map _thm

T 8f list # (Map f list) = # list
elems _map _thm

T 8f list

Elems (Map f list)
= fyj9 x x 2 Elemslist » y = f xg

map _distinct _thm

T 81 list
8xy
X 2 Elemslist * y 2 Elemslist * f x = f vy
) X=Y)

N list 2 Distinct
) Map f list 2 Distinct
nth _2 _elems _thm
T 8listi i< # list) Nthlist (i + 1) 2 Elems list
elems _nth _thm
T 8 list
Elems list
= fxj9i i < # list ~ Nth list (i + 1) = xg
distinct _nth _thm
T 8list i j
list 2 Distinct
A< # list
A< # list
A Nth list (i + 1) = Nth list (j + 1)
) =]
bij ection _f inite _siz e_thm

“8abf
a 2 Finite
NB8xy x2aryarfx=Ffy) x=
Nb=1fz9x x2a”™z="fxg
) b2 Finite " # b=# a
bij ection _f inite _siz e_thm 1
“8abf
a 2 Finite
N@Bxy x2bry2bnrfx=Ffy) x=
Na=1fzj9x x2b”"z=1fxg
) b2 Finite " # b=# a
rang e_bij ection _f inite _siz e_thm
“8am
a2 Finite " # a=m
, (9f
@ij i<m~rj<mArfi=Ffj) i=j)
Na=fxj9i i<m~™fi=xg)
sur j ection _f inite _siz e_thm
"8abf

a2 Finte b fz9x x2a”z=f xg
) b2 Finite "# b # a
rang e_f inite _siz e_.thm 1

11
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" 8m
fijl 1~ mg 2 Finite
ANgfijl i M mg=m
rang e_bij ection _f inite _siz e_thm 1

" 8a
a 2 Finite
, (9f
Bij i<#arj<#ganrfi=f~fj) i=]j)
Na=fxj9i i<# a™fi=xg)
P_thm " 8a Pa=fhbb ag
P_split _thm T 8xa

Pa=fbjb a”x2bg[ fhjb a”: x2 bg
ANfbib a”x2bg\ fbjb a”: x2hbg=fg
Psplit_.thm1 "~ 8ab
b a
) Pa=Pb[ fcjc a” (9x x2c”": x2bg
ANPb\ fcjc a”~ (9x x2c”™: x2bg=fg
P_f inite _siz e_thm
"8a a2Finte) Pa2Finte "# (Pa)=2b# a
_f inite _siz e_thm
" 8ab
a 2 Finite * b 2 Finite
) (& b)2Finte "# (a by=#a #b
ind _sum _siz e_thm

" 8A A 2 Finite ) A( x NR1)=NR# A)
ind _sum _plus _thm
"8Afg
A 2 Finite ) A( x fx+gx)= Af+ Ag

ind _sum _minus _thm

T 8Af A2 Finite ) A( X (f X)) = ( Af)
ind _sum _const _times _thm

" 8Afc A2 Finite ) A( x c fx)=c Af
ind _sum _0_thm

T 8Af A 2 Finite ) A( x NRO)=NRO
ind _sum _dif f _0_thm

"8Afg
A2 Finte » A( x fx gx)=NRO
) Af= Ag
ind _sum _local _thm
T8Afg
A 2 Finite » (8x x2 A) fx=gx)
) Af= Ag
ind _sum _0_bc_thm
T 8Af
A 2 Finite » (8x x2 A) fx=NRDO)

) Af=NRO
bij ection _ind _sum _thm
T8AfbD
A 2 Finite
"NBxy xX2ANY2Arbx=Dby) x=1Yy)
) fzj9x x2A"Nz=Dbxgf

12



= A( x f (bx))
ind _sum _ _sing leton _thm
T 8AX
A 2 Finite
) A ( fxg) = (if x 2 Athen NR 1 elseNR 0)
ind _sum _sing leton _thm
T 8xf fxgf = f x
f in _supp _induction _thm 1
“8p
(8x p( fxg)
N (8fc
fxj: f x
) p(
~@Bfg
fxj: f x = NR 0g 2 Finite
N fxj: g x = NR 0g 2 Finite
N p f
"pg
) p( x fx+gx))
) (8f fxj: f x=NROg2 Finite ) pf)
f in _supp _induction _thm
“8p
(8x p( fxg)
N (8fc
Suppf 2 Finite * pf) p( x ¢ f X))
~(8fg
Suppf 2 Finite » Suppg 2 Finite » pf ~ pg
) p( x fx+gx))
) (8f Suppf 2 Finite ) pf)
supp _clauses =~ Supp( x NRO) = fg
N (8f Supp( x (f X)) = Suppf)
~(8fg Supp( x fx+gx) Suppf[ Suppg)
N(@8cf Supp( x ¢ fx) Suppf)

NR O0g 2 Finite ~ p f
c f x))

x

ind _sum _[ _thm

T8ABf
A 2 Finite » B 2 Finite
) (A B)f = Af + B f (A\ B) f
ind _sum _P_thm
T 8K

K 2 Finite ~ : K = fg
s ) (PK)( J (NR1)b# J)= NRO
ind _ _f inite _thm

81 UAf
I 2 Finite
"(8ié’2|) U i 2 Finite
NA=  fBj9i i21~B=U.ig
) A 2 Finite
ind _sum _inc _exc _sy m _thm
81 UAT
| 2 Finite
Nl o= fg
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N@Bi d21) Ui 2 Finite
NA=  fBj9i i 21 ~B=U.ig
)
(P1)
(J
(NRl)b.I#J
(AN fBj9] j2J"~B=Uijgf)
= NRO
ind _sum _inc _exc _thm
81 UAf
I 2 Finite
ANl o= fg
"(8ié’2|) U i 2 Finite
NA= fBj9i i21~B=U.ig
) Af
(P 1 nffgg)
(J

(NR_ll) b@# J+ 1)
( fBj9j j23~B=Uijgf)
Siz e_inc _exc _thm

81 UA
| 2 Finite
Nl o= fg
"(8ié’2|) U i 2 Finite
ANA=  fBj9i i 21 ~B=Uig
) NR # A)
(P 1 nffgg)
(J

(NR 1) b.l(# J+ 1)
NR# ( fBj9] j2J"B=U]jg))
supp - _thm " 8A Supp( A=A
supp _plus _thm
T 8fg
Supp( x f x + gx)
= (Suppf [ Suppg) nfxjf x = (g x)g
ind _sum _supp _thm
T 8Af A2 Finite ) Af = (A\ Suppf) f
ind _sum _tr ansf er _thm
"8ABTfgh
A 2 Finite
A B 2 Finite
N (8 x
Xx2A"M: fx=NRO
) hx2B~™fx=g(hx))
"N (8y
y2B”™: gy=NRO
) (91X XxX2AMNhx=y"rfx=gYVY))
) Af = B g
ind _sum _sing leton _ _thm
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" 8xBf

B 2 Finite ) (fxg B)f = B(y f(x5y)
ind _sum _ _thm
" 8f AB
A 2 Finite » B 2 Finite
) A(Cx B(y fxy)= (A B)f

binomial _0_clauses
" 8n Binomial n 0 = 1~ Binomial 0 (n + 1) =0
binomial _less_0_thm
“8nm n<m) Binomia nm=0
binomial _eqg_thm
" 8n Binomial nn=1
combinations _f inite _siz e_thm
T8AnNm
A 2 Finite " # A=n
) fXjX AM# X = mg2 Finite
N#EXIX AN # X = mg= Binomial n m
binomial _thm 1
T 8xn
(NR1+ x)bn
= Series( m NR (Binomial n m) xbm)(n+ 1)
binomial _thm ~ 8xyn
(x +y)bn
= Series
( m NR (Binomial nm) xbm yb(n m))
(n+1)
f actor ial _not _O_r ecip _thm
"8m : NR(m!)=NRO
f actor ial _times _thm
T 8m
NR(m!) NR(m! =NR1
ANR(@mM!) 1 NR(mM!)=NR1
binomial _f actor ial _thm
" 8mn
NR (Binomial (m + n) m)
=NR({(m+n)) NRmMH ¥ NR(”MD 1
enumer ate _thm

© 9 enumeiate
8 a
a 2 Finite
. (8]
i< # a
Njp< # a
N enumeate a i = enumenate a |
) =)
Na=fxj9i i <# a” enumerte ai = Xxg
covering _f inite _siz e_thm
"8abfm
a 2 Finite
N(B8x x2b) fx2a)
N8y
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y2a
) fxjx 2 by =f xg 2 Finite

N#IXjx2bMry =1 xg=m)
) b2 Finte "# b=m # a

sampl es_f inite _siz e_thm

" 8an
a 2 Finite
) fLjElemsL a” # L = ng 2 Finite
N# fLiElemsL a”*# L=ng=# abn
distinct _sampl es_rw_thm
" 8nm
DistinctSamples n m
=(fm=0
then 1
else(n + m) DistinctSamplesn (m 1))
distinct _sampl es_up _thm
T 8nm
DistinctSamples n (m + 1)
= (n + 1) DistinctSamples (n + 1) m
distinct _sampl es_f inite _siz e_.thm
" 8an
a2 Finite *n # a
) fLjElemsL a”™# L = n" L 2 Distinctg
2 Finite
a~# L=n"L 2 Distinctg

N # fLjElems L
= DistinctSamples (# a

n) n
i~ 365g~" # L = 23g

bir thday s_thm
" let S= fLjElemsL fijl
L 2 Distinct g

in let X = fLjL2 S :

in S 2 Finite
N # S =
NX S
N#EX=#S>1=
wal k _thm T 8nx
Walk n x
= fs
j9 a
B8m m2a) m<n)
N (8m
sm
= X
+ NZ (# (fkljk < m”™ k < ng\ a))
NZ (# (fkjk < m " k < ngna)))g
wal k_to_thm T8nxy
WalkTo n x y
=fs
j9 a
88m m2a) m<n)
AN (8m
sm
= X
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+ NZ (# (fkjik < m~” k< ng\ a))
NZ # (fkjk < m " k < ngn a)))
~sn=yg
walk_f inite _siz e_thm
"8nx Walknx 2 Finite ~# (Wak nx)=2bn
walk_to_f inite _siz e_thm
T 8xmn
WalkTo (m + n) x (x + NZ m NZ n) 2 Finite
N (WalkTo (m + n) x (x + NZm  NZn))
= Binomial (m + n) m
wal k_to_empty _thm
"8nxy
B8pag : (P+g=n"ry=x+NZp NZQq)
, WalkTonxy=fg
walk_to _f inite _thm
" 8nxy WalkTon xy 2 Finite
walk_walk_to _thm
"8mnxs
m n”s2 Walkn x
) ( k if K mthen sk elses m)
2 WalkTo m x (s m)
wal k_shif t_thm
" 8mn X
s 2 Walk (m + n) x
) ( k s(k+ m)) 2 Walk n (sm)
walk_minus _thm
"8snx s2Waknx) ( k (sk)) 2 wak n ( x)
walk_to_minus _thm
T 8snxy
s 2 WalkTon xy
) (kK (sk)) 2WalkTon ( x)( V)
wal k_to_inter mediate _value _thm
"8nxysz
s2WakTonxy”~(x z"z y_y z"z X)
) 9k k n~™rsk=2)
walk_to _ref lection _thm
"8mnkz
NZO<z~0<k~An<k+m
) # (WalkTo (m + n) ( (NZ Kk)) 2)
= #
fs
js 2 WalkTo (m + n) (NZ k) z
N9 si = NZDO0)g
ballot _lemma 1
"8mny
#
fs
js2 WakTo(m + n+ 1) (NZ Q) y
N(@Bi NZO<s(i+ 1)g
= #
fs
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js 2 WalkkTo (m + n) (NZ 1)y
N (8i NZO<si)g
ballot _lemma 2

" 8mn
O<n®*"n<m+1
) NR
(#
fs
is
2 WalkTo
(m+n+ 1)
(Nz 0)
(NZ (m+ 1) NzZn)
N(@Bi NZO< s (i + 1)g)
= NR (Binomial (m + n) m)
NR (Binomial (m + n) (m + 1))
ballot _lemma 3
" 8mn

O<n”~n<m+1
) (NR (Binomial (m + n) m)
NR (Binomial (m + n) (m + 1)))
NR (Binomial (m + n + 1) (m + 1)) 1
=((m+1) n)=(m+ 1)+ n)
ballot_lemma 4
"8mn : # (WakTo(m + n) (NZO)(NZm NzZn)) =0
ballot _lemma 5
T 8m
(let S = WalkTo m (NZ 0) (NZ m)
inlet X = fsjs2S" (8i NZO<s (i + 1)g
in0<m) X =29)
ballot _thm " 8mn
(let S = BallotCounts m n
inlet X =fsjs2S" (8i NZO<s (i + 1)g

in S 2 Finite
N #S=0
N X S
N

(n<m) # X =#S=(mM n)=(m + n))
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