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Chapter 0 5

ABOUT THIS PUBLICA TION

0.1 Purp ose

This documert, oneof several making up the userdocumentation for the ProofPower system, cortains
a tutorial on the use of ProofPower for speci cation and proof in Higher Order Logic (HOL).

The objectivesof this tutorial are:

to describe the basic principles and conceptsunderlying ProofPower

to enablethe student to write simple speci cations and undertake elemenary proofsin HOL
using ProofPower

to enablethe student to make e ectiv e useof the referencedocumertation

0.2 Readership

This documert is intended to be among the rst to be read by new usersof ProofPower, and is
designedeither for usewith the ProofPower HOL course,or for independert self tuition.

0.3 Related Publications

A bibliography is given at the end of this documert. Publications relating speci cally to ProofPower
are:

ProofPower Tutorial [14];

ProofPower Z Tutorial [17];

ProofPower Description Manual [15];

ProofPower ReferenceManual [20];

ProofPower Installation and Operation [16];

o g s~ w N PF

ProofPower Documert Preparation [13].

0.4 Area Covered

This documert consists of notes appropriate for the introductory ProofPower-HOL course, which
gives an idea of the way ProofPower is used for cheding speci cations and conducting proofs in
ProofPower+HoL.
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6 Chapter 0. ABOUT THIS PUBLICA TION

After working through this tutorial, the reader should be capable of using ProofPower with
ProofPowerHoL for simple tasks, and should be able to make e ective use of the ProofPower
documertation where necessaryfor approaching more di cult problems.

The tutorial should enable usersof ProofPower to becomefamiliar with the following subjects:
1. The dialect of HOL supported by the ProofPower system (which we call ProofPowerHoL) and
its manipulation via the metalanguage.
2. Forward proof and derived rules of inference.

3. Goal directed proof, tactics and tacticals.

0.5 Prerequisites

Prior acquaintance with rst order predicate logic and a functional programming languagewould be
an advantage.

Somefamiliarit y with:

rst order predicate calculus

p(8x P x) Rx)) ((8x Px)) (8 Rx)g;

elemenary settheory

pBabc a\ (b\ c)=(a\ b\ cg;

functional programming
SML
fun  fact O
i fact n

n (fact (n 1));

A suitable text for an introduction to the predicate calculus and elemenary set theory is Software
Engineering Mathematics[12]. A good accourt of Standard ML may befound in ML for the Working
Programmer [8].

A gertler introduction to ProofPower may be found in ProofPower Tutorial [14], which though not
strictly pre-requisite can bene cially be read beforethesetutorial notes. In particular, chapter 1 of
ProofPower Tutorial [14], which describesbasicinteraction with ProofPower, is recommended,since
this topic is not touched upon in any depth here.

0.6 How To Use This Tutorial

It isintendedthat this documert will allow ProofPoweruserswho have not attended the ProofPower-
HOL courseto work through the coursematerial independertly. In that casethe material could be
read in conjunction with the course OHP transparencies[1§].

The best way to learn about ProofPower is by doing things with it.

The two kinds of things which you can do while working through thesetutorial notesare:
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0.6. How To Use This Tutorial 7

Do the set exercises.

To make it easierto do the exercisesthe installation procedure for ProofPower results in the
establishment of a ProofPower database called ‘example_hol', which cortains the results of
executing all of this tutorial document exceptthe material in Chapter 14 where the solutions
to the exerciseanay be found. To do the exerciseghe readershould attempt to setup his own
version of the solutions documert (‘usr013S.doc') by working interactively in a ProofPower
sessionusing a copy of databaseexample_hol.

This is best doneusing a writeable copy of the databasesothat you can save the databaseafter
completing someof the exercisesand then resumefrom that point later. This can be done as
follows:

cp $PPHOME/db/example_hol.polydb .
chmod +w example_hol.polydb

Here, $PPHOME is an ervironment variable which should be set up to be the pathname of
the directory in which ProofPower has beeninstalled.

If you wish to usethe X interface for ProofPower, xpp, you can now start your ProofPower
sessionby starting X if necessaryand then giving the UNIX command:

xpp -d example_hol

xpp will comeup running ProofPower on your copy of the databaseand with its editor set up
to work on a new, empty, script in which you can build up your solutions.
Replay the illustrativ e material.

This is best done using the sourceof the tutorial OHP transparencies,usr022_slides.doc . It
can be donerunning on databaseexample_hol, though you will nd that someof the material
will be rejected becausede nitions have already beenmade. Alternativ ely you can work from
a cleandatabase,but then you may nd problemsif you missout any of the material. E.g., to
work on the existing databaseusing xpp, you might usethe command:

xpp -f $PPHOME/doc/usr022_slides.doc -d example_hol

The illustrativ e material can be replayed in a batch mode, but this is not very instructiv e.

In both of these use of the sourcedocumerts avoids unnecessaryre-keying of material, and should
be loadedinto a text editor and usedby copy-and-paste.

Two alternativ e approachesto working through the exercisematerial are:

Follow the transparencies.

Consulting the tutorial notes as necessaryfor further information, while using copy-and-paste
on the OHP source le (usr022_slides.doc ) to replay the illustrations and do the exercises.
Follow the tutorial notes.

Work through the tutorial notes (using a .dvi previewer or hard copy) and the exercisesas
preseried in this document. Sourcedocumerts are supplied for the exercises(Chapter 13, le
usr013X.doc) and solutions (Chapter 14, le usr013S.doc).

In either caseit is best to build up your own documert containing your solutions to the exercises
and any experiments you might wish to undertake. ProofPower does not keep any record of what
you typeinto it, and soif you want to do it again you will needto keepa copy of your script.

¢ Lemma 1 Ltd. 2000 PPT ex-2.7.6 - HOL Tutorial Notes USRO013



8 Chapter 0. ABOUT THIS PUBLICA TION
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Chapter 1 9

INTR ODUCTION

1.1 What is Pro ofP ower?

ProofPower is a suite of tools providing support for the use of formal mathematical notations in the
dewvelopmert of Information Systems.

The functionality supported is:

documernt preparation (see ProofPower Document Preparation [13))
syntax and type cheding of speci cations
construction and cheking of formal proofs

theory managemerm

Theseare described in greater detail below.

1.2 Attributes of Pro ofPower

ProofPower has beendesignedand implemented with the following attributes in mind:

Pedigree
Power
Assurance
Openness

Extensibility

1.2.1 Pedigree

ProofPower is in the tradition of Principia Mathematica [1]. It is basedon Church's Simple Theory
of Types|[2], augmerted by Milner style polymorphism [9]. Its implementation builds on researd
at Universities of Edinburgh[5], Cambridge [3][4] and Oxford [11]. It follows the LCF paradigm [3],
using standard ML as a “meta-language’[19)].
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10 Chapter 1. INTR ODUCTION

1.2.1.1 Logic

Following Principia Mathematica, ProofPower supports as its primary object language (in which
speci cations arewritten and proofsconducted)a logical typetheory with a small number of primitiv e
constructs. In the context of this logical system the main body of classical mathematics may be
deweloped without further logical extensionsother than consenativ e extensionswhich seneto de ne
the conceptsusedto expressthe mathematics. The main merit of this approad is that once the
primitiv e logical systemhasbeende-bugged(i.e., shown to be consisten) the further developmert of
mathematical theories can be undertaken without risk of compromising the consistencyof the logic.

The logical system used in Principia Mathematica was Russell's Theory of Types [10], the rst

of many logical type theories to be deweloped. Probably the simplest type theory adequate for
classicalmathematics is the Simple Theory of Types published by Alonzo Church in 1940. Church's
formulation formed the basisfor the logical systemimplemented in the proof tool for Higher Order
Logic (HOL) dewveloped by Mike Gordon and others at the University of Cambridge [4]. This same
formulation of HOL was adopted without material changesfor usein ProofPower.

The transition from the simple Theory of Typesto the logical systemof Cambridge HOL, apart from
someminor adjustments to the primitiv e constarts and axioms, consistsin adding those features
which are desirable for the practical usability of the logic for the developmert of mathematics or
for applications in Computer Scienceand Information SystemsEngineering. The most signi cant
of these are the introduction of type variablesinto the object language, giving an essetial elemen
of polymorphism, and the prescription of acceptablemeansof consenative extension, enabling new
terminology to be safely introduced.

The polymorphism adopted is due to Robin Milner [9], and was originally usedin the LCF system
deweloped at the University of Edinburgh [5].

1.2.1.2 Implemen tation

The implementation method adoptedin the LCF system(which we often referto asthe LCF paradigm
was also usedin ProofPower and is the sourceof many of the product characteristics. This involves
the use of a strongly typed functional programming languageas a meta-languageboth for the im-
plemertation of the proof tool and as the languagein which the user interacts with the system.
The meta-languageusedin ProofPower is “standard ML' a more modern dewelopmert than the ML
available at the time the Cambridge HOL systemwas implemented.

1.2.2 Power

ProofPower supports expressive and conveniert notations in strong logical systemsproviding a pro-
ductive environment for speci cation and proof developmen.

ProofPower-HOL is:

Logically as expressiwe as Zermelo set theory.
Logically extendible in safeand well understood ways.
Notationally concise.

A very simple language.
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1.2. Attributes of Pro ofP ower 11

ProofPowerrHOL has a very high power to weight ratio, giving high levels of expressienessand
logical strength for very low levels of complexity.

ProofPower also supports the speci cation languageZ, which provides more concisenotations at the
cost of someincreasein complexity.

The functional programming language ‘standard ML' is used as a meta-languagein ProofPower,
for userinteraction, asthe languagefor describing proofs, and as a productiv e vehicle for program-
ming proof automation and for extending and adapting the capabilities of ProofPower to particular
application domains.

These notations combine to give high levels of productivit y in speci cation and proof, which are
continually improved asthe systemis dewveloped.

1.2.3 Assurance

ProofPower provides unparallelled levels of assurancein the correctnessof propositions proven using
ProofPower about speci cations written in ProofPower-HOL or ProofPower-Z.

This assurancederivesfrom:

The simple uncontroversial classicallogical system.

Which reducesto a minimum the risk that the logic is inconsistert or unsound or its imple-
mentation awed.

The availability of mathematical and formal speci cations of the syntax and semartics of the
formal system.

Which further increasescon dence in the soundnessof the logic and the correctnessof its
implementation.

The provision of good support for speci cation by consenative extension.

Which ensuresthat any errors arising while writing speci cations do not compromisethe con-
sistencyof the logical framework within which reasoningabout thesespeci cation is conducted.
The small logical kernel (< 10%o0f the codein the system), implemented asan abstract datatype,
which enforcesthe logical soundnessof proofs.

Minimisation of code in the system critical to the cheding of proofs provides maximal con-
dence in correctnessof the chedking and enablesfurther developmert of high level proof
capabilities to be done without any risk of compromising the cheding of proofs.

The formal speci cation of the logical kernel.

Which ensuresnot only that the logic itself is well understood but also that the mecdanisms
which enforcethe cheding of proofs against that logic have beenthoroughly scrutinised.

1.2.4 Openness
ProofPower is “open' in seweral di erent sensesf that term:

ProofPower provides support for standard well documerted languages(Standard ML, HOL,
Z, SAL/SPARK). Where standards are in place or under developmert ProofPower is intended
to implemernt or intercept these standards.
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12 Chapter 1. INTR ODUCTION

Most of the functions usedto implement ProofPower are available for re-useby the userif he
wishesto extend or customisethe system.

A comprehensie referencemanual (600 + pages)is supplied documerting the functions sup-
ported by ProofPower (> 1000ML names).

Extensive libraries of theories and “proof contexts' are provided for re-use.

1.2.5 Extensibilit y

The open architecture of the LCF paradigm maximisesthe extent to which userscan extend and
customisethe systemto meet their special requiremerts.

Usershave accesgo the meta-language(Standard ML) for:

{ deweloping proofs
{ extending the system
{ implementing domain speci ¢ (or generalpurpose) proof automation

The de nitional forms acceptableto the systemare extendible.

Speci cations are acceptablein any form provided that they can be shavn to be consisten.
Automatic consistencyproversinvoked by the systemcan be replacedor supplemerted by the
user extending the forms of speci cation which are acceptedby the system as consisten.

Many aspects of the behaviour of the automatic proof capabilities are context sensitive, en-
abling their e ects to be corntinually augmerted with knowledge of new problem domains.
Customisable “proof contexts' provide this information to the proof system and enable the
proof deweloper to selecta suitable context for conducting any particular proof, maximising
the extent to which the proof support system eliminates or simpli es goalsor subgoalsauto-
matically.

The system is designedto support multiple object languagesand permits mixed language
working.

Parsergeneratorsare available to simplify the task of providing support for additional notations.

1.3 Languages Supp orted

ProofPoweris designedto support multiple object languagesn a singlecoherent semartic framework.
The approad of implementing secondaryobject languagesby semartic embedding into the primary
object languageProofPower-HOL not only provides for multiple notations, but enablesspeci cations
in distinct notations to be related to ead other formally, and permits results to be transferred from
one languageto another.

The following languagesare currently supported:

Standard ML (as meta-language)
Higher Order Logic
z
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1.4. Functionalit y 13

Support for SAL, the SPARK Annotation Language,has beenprototyped, but is not yet generally
available.

We hope to be able to provide support for ISO Standard Z when the standard has stabilised.

1.4 Functionalit vy

ProofPower is a suite of programs and scripts intended to assistin the developmert and cheding of
formal speci cations and proofs.

The functionality supported is:

documernt preparation/prin ting (seeProofPower Document Preparation [13]):

{ usingLaTeX ’literate scripts' with extendedfonts for documert sources
{ indexes,crossreferenceand theory listings

syntax ched/t ype ched (interactive or batch)
formal reasoning(interactive or batch)

theory managemer

{ speci cations and theoremsheld in theory hierarchy
{ programmable accesgo theory hierarchy

1.4.1 Document Preparation

ProofPower provides facilities for producing documerts corntaining speci cations and proof scripts
exploiting the IATEX typesetting software. Following Knuth [6], theseare known as 'literate scripts'.

The facilities include:
Screenfonts for usewith Surnview or X which enable sourcedocumerts including formal spec-

i cation material to be written using the appropriate special characters rather than ASCII
encalings.

Under X, a custom-built editor for developing scripts using the special characters.

Tools for preprocessingsource documerts prior to their being processedby the ProofPower
proof tool or IATEX.

Output from ProofPower suitable for inclusion in IATEX documerts.

The production of indexesof de ning occurrencesof formal namesin IATEX documerts.
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14 Chapter 1. INTR ODUCTION

1.4.2 Syntax and Type Checking

ProofPower processes variety of formal notations including standard ML, Higher Order Logic, and
Z. These are typically mixed together in a mixed language dialogue with the system. The system
operates either interactively with a user at a console,usually making heavily use of cut and paste
between ProofPower and external text editors, or in a batch mode of operation where input is read
from a nominated le and output written to the standard output and/or other les.

Eadh of the notations usedin interacting with ProofPower is strongly typed. This makesit possibleto
provide valuable diagnostic information at the time of processingof ead de nition or speci cation.

1.4.3 Pro of Development

Following the LCF paradigm proofs are created and chedked in ProofPower as computations which
result in valuesof type THM. THM is an abstract type in the meta-languagestandard ML, and as
such the meansof computing valuesof this type are strictly limited to those provided at the time the
typewasde ned. The constructors of the type THM have beenengineeredto correspond to inference
rulesin the supported logic, HOL, sothat any value of type THM computed must follow by the rules
of the logic from the declaredaxioms. Proof automation is provided by the implementation of high
level proof dewvelopmert facilities which ultimately compute theorems only through the inference
medanismsbuilt into the de nition of the data type THM.

Though proofs are always ultimately comprisedof elemenary proof steps,the availabilit y of a power-
ful modern functional programming languagefor generating such proofs permits cortin ually growing
sophistication in the automatic proof facilities provided. New subject domains can be incorporated
in the scope of these automatic facilities, and userscan customiseand extend these capabilities to
meet the special requiremerts arising in their applications.

1.4.4 Theory Managemen t

In order that the systemis able to give reliable indications of what theoremsare derived from what
premises, or in the context of which speci cations, the system must managein a secureway the
axioms, de nitions and theorems which are usedin the dewvelopmert of speci cations and proofs.
These are organisedin a theory hierarchy, permitting reusabletheoriesto be exploited in dierent
applications. An initial theory hierarchy is supplied with the systemcontaining somecommonly used
theories, suc as natural numbers, and lists.

1.5 Levels of Use of Pro ofP ower

ProofPower may be used by sewral di erent typesof user for dierent purposes. These di erent
groups may require distinct levels of knowledge of ProofPower for their particular purposes.

1.5.1 Education

ProofPower has potential as an educational tool, even in areasnot directly related to ProofPower
or to the languagessupported by ProofPower. For example, after developmert of suitable course
material ProofPower might be usedto support coursesin logic and set theory. Course material of
this nature is not yet available with the ProofPower system, but we hope that eventually it will be.
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1.6. Using Pro ofP ower 15

If training material was developed for teaching sud topics using ProofPower, the level of knowledge
of ProofPower required for using the material could be made very small.

For those learning the speci cation languagesHOL or Z, the proof facilities provided by ProofPower
are bene cial in dewveloping an understanding of the semartics of these notations.

1.5.2 Specication

ProofPower is a useful and e ectiv e tool for those who wish to dewelop formal speci cations of
information systems,even if they have no requirement for conducting proofs about these speci ca-
tions. Sud userscould usethe documert preparation facilities for writing their speci cations, having
thesesyntax and type chedked interactively and incremertally by ProofPower asthe speci cation is
deweloped.

Those wishing to use ProofPower for developing and cheding speci cations in this way need have
little more than an understanding of the speci cation languagewhich they proposeto use.

1.5.3 Pro of Development

The group of userson whom ProofPower is most deliberately targetted are thosewho wish to develop
formal speci cations and then reasonabout or in the context of these speci cations.

1.5.4 Research and Development

Becauseof its opennessand extensibility ProofPower provides a good vehicle for many kinds of
researt), concerningthe theory and practice of Formal Methods, or aspects of Al such asautomated
deduction.

It is also suitable as a platform for the dewvelopmert of tools with capabilities which include formal
reasoning, or for interactive course support material for academiccoursesinvolving formal speci -
cation or discrete mathematics. Cutomised window basedinterfacescan be implemented using the
Motif interfacesbuilt into ProofPower.

It is this kind of use of ProofPower which is likely to require the most detailed and comprehensie
knowledge of the facilities provided by ProofPower.

1.6 Using Pro ofP ower

The usual way of using ProofPower to develop speci cations and proofs involvestwo parallel inter-
active tasks:
Using an editor to develop a literate script in which speci cations and proofs are recorded.
Executing ProofPower-ML commands,typically extracted from the script. This is the means

by which speci cations are cheded and by which proof stepsare taken.

Under the X Windows system, an integrated program xpp is supplied to support both of thesetasks.
For an intro duction to the basic use of ProofPower the readeris referred to chapter 1 of ProofPower
Tutorial [14].
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16 Chapter 1. INTR ODUCTION

1.7 Intro duction to Pro of

The proofs of many results are either automatic or straightforward using ProofPower.

1.7.1 Areas of Automation

The following are examplesof areaswhere proof automation in ProofPower is particularly e ectiv e:

propositional tautologies

ProofPower proves these automatically, and uses propositional reasoning to simplify non-
propositional goalsautomatically.

rst order predicate calculus

Often these will also be automatically provable using a form of resolution. Where resolution
fails, there is a simple systematic approad to proving theseresults using ProofPower.
elemenary settheory

A useful collection of results from elemeriary settheory are automatically provable.

other classesof results

Whenewer a new theory is introduced one or more proof contexts may be deweloped to solve
automatically a range of resultsin that theory. "Decisionprocedures'for suc classeof results
can be made available via “prove_tac'.

1.7.2 A Simple Predicate Calculus Pro of

The following exampleillustrated the style of a simple proof in ProofPower.

Most proofs are conducted using the subgoaling padage (see Chapter 6). The following example
shaws how proofs of results in the rst order predicate calculus can be conducted systematically
using only two TACTIC s.

To conduct such a proof the rst thing to do is set the goalto be proven:

SML

‘set_gcal([];p(8x y Px) Ry), (8vw : Pw_ RV)Q;

The “two tactic method' usesproof by cortradiction, which is initiated using contr _tac. Sud a proof
is reducedto derivation of pFq from the negation of the required result (the conclusionof the original
goal). The negated assumption is pre-processedautomatically by contr_tac and this results in two
subgoals,the rst of which is showvn below.

SML

‘a contr _tac;
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Pro ofP ower output

Tactic produced 2 sulgaals:

( Goal "1 )

( 3 ) p8xy Px) Ryq
( 2 ) pPwg
(1) p Rvg

(7 ) pFq

The proof now proceedsby specialising the universalsin the assumptionsuntil the systemis able to
derive the required contradiction. In this casespecialisation of assumption 3 with the values pwq
and pvqg will enablethe cortradiction to be derived:

SML

‘a (list_spec_asm_tac p8 x y P x ) R yq [pwq;pvq]);

Pro ofP ower output

| Tactic produced 0 sulpaals:

The rst subgoalis discharged automatically oncethe necessaryspecialisation has beenidenti ed,
and the subgoalpadkagethen presen the secondsubgoal:

Pro ofP ower output

( Goal "2" )

—~

3 ) p8vw : Pw_Rvqg
(2 ) pPxq
1) p Ryqg

(7 ) pFq

Specialisation of assumption 3 is again the way forward, in this caseto the valuespyq and pxa:
SML

‘a (list_spec_asm_tac p8 vw : P w _ R vq [pyq;pxd]);

Pro ofP ower output

| Tactic produced O sulpeals:
‘Current and main gaal achievel

This enablesdischarge of the secondsubgoal and completesthe proof. The theorem can then be

obtained as an ML value:
SML

|pop_thm ();

Pro ofP ower output
‘Now 0 gaals on the main gaal stack
valit = (8xy Px) Ry), (8vw : Pw_RV):THM

The reader should be able to conduct proofs of many elemenary results in ProofPower using these
facilities and a collection of exerciseswhich should now be achievable are given in section 13.1.
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18 Chapter 1. INTR ODUCTION

1.8 Notational Conventions

Formal text is included throughout this tutorial, mainly giving examplesof input and output from
ProofPower.

Formal material is almost always distinguished from informal text by the presenceof either an
enclosingbox or a vertical bar on the left, usually with somekind of indicator at the top of what
kind of formal material it is.

The most frequert formal inserts are in Standard ML and theseare marked by a vertical bar headed
by the acronym SML. Theseinserts represert samplesof input to ProofPower, and are often followed
by the resulting output from ProofPower.

For example, if the following is entered into a ProofPower session:

SML

|3+4+5;

the following output results:

Pro ofP ower output

‘val it = 12 :int

Within Standard ML in ProofPower it is possibleto include quotations in other languages,of which
the mostimportant in this tutorial is HOL. This is doneby enclosingthe quotation in "Quine corners'.

When quoted in this way an expressionin Higher Order Logic evaluatesto a value in Standard ML
of type TERM :

SML

p3+4+5q;

and when a value of type TERM is displayed the HOL pretty-printer is normally invoked automat-
ically:
Pro ofP ower output

valit = p3 + 4 + 5q: TERM

Normally in text of the tutorial, where it is necessaryto quote an expressionin HOL, these same
guotation marks will be used.

Many of the conceptswhich it is necessaryto discussin explaining Higher Order Logic asimplemernted
in ProofPower correspond to a type or a value in standard ML as usedin the implementation of
ProofPower. Terms and typesin Higher Order Logic are representied in standard ML using values
whoseML typesare TERM and TYPE respectively.

In interests of precisionin the informal text, wherewer an informal concept correponds precisely to
a formally de ned concept, the name of the formally de ned concept may be usedin the informal
text aswell asin formal texts. For example,HOL typesare represetted in ML by valuesof ML type
TYPE and therefore whenewer they are referred to in the informal text they are referred to by the
name TYPE '. In someplacesother kinds of type are referredto, e.g. ML types,and in theseplaces
the notation "TYPE ' is not used.

For eadh technical term a “de ning occurrence'is displayedin bold type, and its pagenumber appears
in the index at the end of the documert. Other occurrencesappear in italics wheniit is intended to
emphasisethat the term has beende ned elsewhere.lt is intended that the appearanceof a word
or phrasein italics should indicate that this word or phrase has been de ned elsewhere,and the
location of this description may be found in the index.

¢ Lemma 1 Ltd. 2000 PPT ex-2.7.6 - HOL Tutorial Notes USRO013



1.9. Using the Pro ofP ower Reference Man ual 19

1.9 Using the Pro ofP ower Reference Man ual

This tutorial is intended to provide a coveragesimilar to that of the short ProofPower-HOL course,
and is not an exhaustive accourt of ProofPower. Many of the facilities are mentioned with very brief
or no description.

To becomea pro cient user of ProofPower it is necessaryto becomefamiliar with use of the Proof-
Power Reference Manual [20]. All of the ML namesmerntioned in this tutorial are documerted in the
ProofPower Referenee Manual [20], and the documertation may be found by referenceto the one of
the indexesto be found in that manual.

The KWIC index in the ProofPower Referenee Manual [20] is also invaluable in identifying the
full range of facilities available. Each ML name is composed of a number of atoms separated by
underscoresymbols, and the KWIC index groups together all the nhamescontaining any particular
atom irrespective of wherein the name the atom appears.

Knowledge of a small number of naming corvertions enablesthe user to identify all the relevant
facilities of a particular kind. For example, all tactics have namesending in the atom “tac', and may
therefore be found grouped together in the KWIC index under “tac'. All the rewriting facilities have
the atom ‘rewrite' in their name, and will be found grouped together in the KWIC index.

Once the reader has grasped the main principles of ProofPower and ProofPower-HOL, it is a good
idea to have a browse through the KWIC index to get an idea of the range of facilities available.
Then when he is confronted with a problem in a proof he will know whether there is something
already available which may help to solve the problem, and can then look up the documertation in
detail to discover how the relevant facilities are used.

¢ Lemma 1 Ltd. 2000 PPT ex-2.7.6 - HOL Tutorial Notes USRO013



20

Chapter

1.

INTR ODUCTION

¢ Lemma 1 Ltd. 2000

PPT ex-2.7.6 - HOL T utorial

Notes

USRO013



Chapter 2 21

THE HOL TYPE SYSTEM

2.1 Intro duction

The ProofPower-HOL language provides a notation for making assertions about values in some
domain of discourse. The valuesin this domain of discourseare abstract erntities suitable for usein
mathematical models.

In assertionsin HOL, TERM s are usedto denote valuesin the domain of discourse. Each TERM
used must be syntactically well formed, and must also be well typ ed; ProofPower will ched this
automatically and report any problemsto the user. A TERM is well typed if there exists an as-
signmen of TYPE s to the TERM and its sub-TERM s which is consistert with the HOL TYPE
inferencerules described below.

Each TYPE denotesa set of values. The sematrtics of TYPE s and TERM s in HOL are related so
that the denotation of a well typed TERM is a value which is a member of the denotation of its
TYPE .

In general, TYPE s in HOL may also contain TYPE variables In this casethey are known as
polymorphic TYPE s and should be thought of as denoting a family of monomorphic TYPE s.

In this chapter a thorough and systematic (though informal) description of the TYPE system is
given. This, on a smaller scale, provides a model for the structure of the TERM languagetreated
in the next chapter.

To give a full accourt of the TYPE systemwe provide:
An abstract syntax giving the logical structure of a notation for describing TYPE s. This
correspondsto the primitiv e facilities available in the metalanguagefor manipulating TYPE s.

A concrete syntax providing a speci ¢ way of writing TYPE s for submissionto ProofPower or
for presenation in documerts.

A semartics indicating informally how the set denoted by any TYPE may be determined.
Thesesu ce to de ne TYPE s as completely as they can be without discussinghow they relate to

TERM s. The chapter goeson to describe the principal non-primitiv e facilities available in Proof-
Power for performing computations with TYPE s.

2.2 The Abstract Syntax of TYPE s

There are just two primitiv e ways of constructing a TYPE . The rst is the construction of a
TYPE variable , which simply has a name. A TYPE variable denotes an arbitrary set. The
secondis the construction of a TYPE usinga TYPE constructor . A TYPE constructor also has
a name, normally one which has previously beendeclaredfor the purposewith an assaiated arity.
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22 Chapter 2. THE HOL TYPE SYSTEM

The construction is performed on the TYPE constructor (which may be thought of as a function
from one or more TYPE s yielding another TYPE ) together with a nhumber of TYPE s to which
the constructor is applied. A special caseof a TYPE constructor is a 0-ary TYPE constructor.
This special caseencompassesomeof the most familiar TYPE s such asthe TYPE pBOOLq which
denotesthe set of truth values ( pf T ;Fgq), and the TYPE pNqg which denotesthe set of natural
numbers (the positive whole numbers).

The abstract syntax may be described by giving the namesand TYPE sin the metalanguagestandard
ML of the functions corresponding to the primitiv e TYPE constructors:

SML
‘mk _vartype : string > TYPE ;
Imk _ctype  :sting TYPE list > TYPE;

2.3 The Concrete Syntax of TYPE s

ProofPower provides a parser for HOL TYPE s both as free standing standard ML values (of type
TYPE ) and as TYPE castsdisambiguating the TYPE of a TERM .

The following consistsof a simpli ed description of the concretesyntax of TYPE s, su cien t for the
exampleswhich follow, and su cien t to enter any well formed TYPE .

BNF
Type = Name
i Typars; Name
i Type; In xName ; Type
i (5 Type; )
Typars = Type
i “Ci Type f 5 Type g )

The rst alternative for a TYPE covers both TYPE variables and O-ary TYPE constructors. The
parserwill disambiguate this by assumingthat any name starting with a prime () is intended asthe
name of a TYPE variable.

The secondalternativ e is the default presenation of a TYPE construction, where the name of the
TYPE constructor follows a comma separatedlist of TYPE s enclosedin round brackets.

Inx syntax is supported for binary TYPE constructors. Sudh TYPE constructors may be given
in X status and a parsing precedencedy an appropriate xity declaration.

The last alternativ e allows brackets to be usedto enclosea TYPE expressionto override the prece-
dencewhich the parserwould otherwise usein parsing the TYPE .

2.4 The Semantics of TYPE s

TYPE s should be thought of as expressionswhich denote non-empty sets of values. To under-
stand the meaning of the languageof TYPE st is therefore necessaryto understand for any TYPE
expressionwhich setis denoted by that expression.

This is complicated slightly by two variable factors. Beforethe setdenotedby any TYPE expression
canbedeterminedit is rst necessaryto know the denotations of the TYPE variableswhich occur in
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it (which will not usually be xed), and secondlyto know the denotations of the TYPE constructors
(which will usually have beenpartly determined by a declaration for the relevant TYPE constructor).

The meaning of a TYPE expressionmust therefore be understood to be given relative to an as-
signmert of valuesto the TYPE variables and TYPE constructors which appear in it. Sud an
assignmen will assignto ead TYPE variable a non-empty set, and to ead n-ary TYPE constructor
a function from n-tuples of non-empty sets(the denotations of the TYPE expressionsto which the
TYPE constructor is applied) to non-empty sets (the denotations of the TYPE expressionformed
by applying the TYPE constructor to the argumert types).

Just describing the necessarycontext in which the value denoted by some TYPE expressionmust
be determined conveys most of the corntent of the description of the semartics of the TYPE system.
There are just two ways in which a TYPE expressionmay be formed and these determine the set
denoted by the TYPE expressionas follows.

If the expressionis a TYPE variable then the set denotedis that assignedto the TYPE variable in
the context. If the expressionisa TYPE constructor then the value denotedby the TYPE expression
is the value obtained by applying the function assignedin the context to the TYPE constructor to
the tuple of setswhich are the denotations of the TYPE expressionssupplied as argumerts to the
TYPE constructor.

In summary:

TYPE s denote non-empty setsof values.
TYPE variablesrange over non-empty setsof values.

TYPE constructor s denote functions from tuples of setsto sets.

2.5 Examples of HOL TYPE s

The following examplesshow a variety of TYPE s. They also show di erent ways in which a TYPE
can be entered into the system. When a TYPE is entered as a top level expressionto ProofPower
it is evaluated to yield a standard ML value of type TYPE which is then displayed automatically
invoking a pretty printer which will usethe concrete syntax for HOL TYPE s. These outputs from
ProofPower are shavn together with the various ways of entering TYPE s.

A TYPE is a value (of type TYPE ) in the metalanguagestandard ML. The primitiv e method for
entering such a TYPE is to enter the standard ML expressionwhich computesthe TYPE using the
ML functions which are the constructors of the abstract data type.

Thusa TYPE whichisa TYPE variable may be obtained by evaluating the ML function mk_vartype
supplying it with the name of the variable:

SML

lval t = mk_vartype "%@";

Pro ofP ower output

val t = p%gq: TYPE

Submitting the above commandto the ProofPower systemcauseshe TYPE variable with name ™a’
to be constructed and bound to the ML name t'.

A TYPE formed from a TYPE constructor may be obtained using mk_ctype as follows:
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SML

‘val u = mk_ctype ("BOOL";[]);

Pro ofP ower output

val u = pBOOLq : TYPE

In the above the 0-ary TYPE constructor 'BOOL' is applied to an empty list of TYPE s. p:BOOL(q
is the TYPE denoting the set of truth values(true and false) and is a primitiv e TYPE of the HOL
logic.

Type following exampleis another primitiv e TYPE constructor, the binary function spaceconstruc-
tor:

SML

Imk_ctype ("! ";[pNg;aNg]);

Pro ofP ower output

val it = pN'! Ng: TYPE

This expressionevaluatesto the TYPE whosedenotation in a standard model is the set of all total
functions over the natural numbers.

In practice, for most purposes,entry of TYPE s as ML expressionsis too cumbersome,and for this
reasona parseris provided which enablesthe TYPE sto be ertered in a corveniert concretesyntax.
This parseris invoked automatically when a quotation beginningwith the symbol " g' is encourtered
by the ProofPower system.

Thus:

SML

|nag;

Pro ofP ower output

val it = paq: TYPE

is an alternativ e way of entering the sameTYPE variable asthat previously bound to t'.

The TYPE formed from the 0-ary constructor ‘BOOL' is quoted thus:

SML

|nBOOLg;

Pro ofP ower output

val it = pBOOLq : TYPE

This is parsedasa TYPE constructor rather than a TYPE variable becausets name doesnot begin
with a prime.

The function spaceTYPE may be quoted using concrete syntax as follows:

SML

AN 1 Ng;
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Pro ofP ower output

val it = pN! Nqg: TYPE

This inx concrete represeration is permitted for binary TYPE constructors provided that they
have beendeclaredpreviously asin x identiers in a xity declaration.

Where a constructor has not beendeclaredin x the concrete syntax requires post x application of
the constructor asin the TYPE of lists of natural numbers:
SML

|p(N) LIST q;

Pro ofP ower output

val it = pN LIST q: TYPE

For 1-ary TYPE constructor s the brackets surrounding the list of TYPE s precedingthe constructor
name are optional, so:

SML

In N LIST g;

Pro ofP ower output

val it = pN LIST q : TYPE

is a quotation which yields exactly the sameTYPE asthe previous quotation.

The following example illustrates a typical use of TYPE variable, giving a polymorphic TYPE of
lists. This enablesthe normal operations over lists to be de ned in such a way that they apply to
lists of any TYPE of elemen.

SML

In% LIST g;

Pro ofP ower output

val it = p% LIST q: TYPE

The quotation facilities are multilingual and support what is sometimesreferredto asanti-quotation.
An antiquotation is an expressionin ML, quoted inside an object languageHOL quotation. The
quoted ML expressionmust evaluate to an appropriate type of ML expression(in this case an
expressionof ML type TYPE ), and the value of this expressionis usedat the point of quotation in
the TYPE constructed by the TYPE parser. To supply an ML expressionproviding a constituent
TYPE , the quotation symbol ('p) is subscriptedwith SML : as shown in this example:

SML

P psmL: ta! PsmL: uqq;

which is typed into a sourcedocumernt as:

| p p& SML:l tgq! p& SML: uqg;

and evaluates as:

Pro ofP ower output

val it = p% ! BOOLq: TYPE
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The ML namet' has previously beenbound to the TYPE pY%gand ‘u' to TYPE pBOOLQ. These
are is supplied asargumerts to the function spacebinary in x TYPE constructor to yield the TYPE
of boolean valued functions over the natural numbers (which may be thought of as properties of
natural numbers).

This is the sameTYPE aswould have beenobtained from the expression:

SML

‘mk_ctype("! “;[t;ul);

Pro ofP ower output

val it = p%a! BOOLq: TYPE

Other examplesof typesformed from in x TYPE constructors are:
SML

‘pN NQ; ( pairs of natural numbers )

Pro ofP ower output

val it = pN Ng: TYPE

SML

InN + BOOLg; ( disjoint union of N and BOOL )

Pro ofP ower output

val it = pN + BOOLq : TYPE

2.6 Computation with TYPE s

A full set of constructors, recognisersand destructors for the two dierent kinds of TYPE are
provided asthe primitiv e operations of the abstract data type in standard ML. In addition to these
primitiv e operators a range of higher level facilities are available. Those provided include all the
major facilities required in implementing a proof system for a logic with this TYPE system, and
provide a good basisfor any further programming with TYPE s which the user may wish to do to
extend or customisethe capabilities of the system. Most userswill nd howewer, that programming
with TYPE s is not necessaryfor their application.

2.6.1 Recognisers and Destructors

Corresponding to the two primitiv e constructors already intro duced for building TYPE s by compu-
tation, there are recogniserswhich may be usedto discover whether a TYPE in hand wasmadeby a
particular constructor, and destructors, which may be usedto take apart the TYPE again, yielding
the valuesusedoriginally asargumerts to the constructor function.

Thesefollow systematic naming convertions, the pre x mk _ usedin the constructor being replaced
by is_ in the name of the recogniserand dest _ in the name of the destructor. This pattern of
naming convertions is repeated many times in ProofPower, wherewer a new languageis considered.
The pattern is repeated for the language of primitiv e TERM s in HOL, the language of derived
TERM s, and for TERM s represerning fragmens of Z speci cations.

It suces heresimply to record this set of ML procedure namesand their ML types, leaving the
reader to infer their functionality from the above informal description:
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constructors
SML
‘mk_vartype :string > TYPE ;
|mk_ctype :string TYPE list > TYPE ;

recognisers
SML

is_vartype TYPE > bool;
lis_ctype TYPE > bool;
destructors

SML
|dest _vartype TYPE > string;
dest _ctype TYPE string TYPE list;

\%

2.6.2 Basic Facilities

Using the primitiv e facilities, higher level facilities may be programmed, usually by recursion over
the structure of TYPE s. The following are examplesof such higher level facilities supplied with
ProofPower.

TYPE equality

In order to retain exibilit y over the internal represertation of TYPE sthey are not an “equality
type' in ML, and therefore cannot be compared using the ML equality relation. A function
performing a comparison betweentwo TYPE s is therefore provided, in the form of the in x

ML boolean valued operation "=:".
SML

op=::TYPE TYPE > bool;

TYPE variablesin a TYPE

The following function will extract the namesof all the TYPE variablesusedin a TYPE .
SML

type_tyvars : TYPE > string list;

TYPE constructorsin a TYPE

Similarly a function is available to extract the TYPE constructors. In this caseboth the name
and the arity of the TYPE constructor are extracted as a pair.
SML

type_tycons : TYPE > (string int) list;

TYPE instantiation

When a polymorphic TERM is instantiated to a specic TYPE a substitution is made for
TYPE variablesoccuring in the TYPE . This is known asTYPE instantiation and is performed
by the following function:

SML

inst _type : (TYPE TYPE) list > TYPE > TYPE;

The rst parameteris a list of pairs of TYPE s. Each pair consistsof a TYPE to be substituted and
a TYPE variable for which the substitution takesplace.
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2.6.3 Support for Pattern Matc hing

Standard ML provides support for pattern matching in function de nitions. This support depends
on the functions being de ned over ML “datatype's. Pattern matching is not available for value of
“abstract types'. In generalthe ML typesusedfor represeiing object language constructs have to
be implemented as abstract typesin order that necessarywell-formednessconditions are enforced,
including the prevertion of unsound derivations.

To mitigate the inconveniencecausedto programmers we have made available a number of ML
datatypessuitable for pattern matching function de nitions, together with transfer functions which
corvert valuesof theseabstract typesinto valuesof the corresponding datatypes.

The rst exampleof suc a typeis the type DEST_SIMPLE _TYPE , which is de ned as:

|datatype DEST _SIMPLE _TYPE =
| Vartype of string
I Ctype of (string TYPE list);

This type re ects the top level structure of a TYPE , the constructors of the datatype corresponding
to the primitiv e constructors for TYPE s.

Using this datatype generalisedconstructors and destructors for TYPE s are provided:

generalisedconstructor
SML

imk _simple _type  : DEST_SIMPLE _TYPE > TYPE;

generaliseddestructor
SML

‘dest_simple _type :TYPE > DEST_SIMPLE _TYPE;

The advantage of thesefacilities is:

They enablefunctions over TYPE sto be de ned using pattern matching.

They provide a conveniert interactive interface for investigating the underlying structure of a
TYPE .

To illustrate the rst advantage we provide an example of a function over TYPE s de ned using
pattern matching. The following is in e ect a re-implemertation of one of the functions provided
with ProofPower. It traversesa TYPE forming a list of all the TYPE variablesappearing in it.

SML

|fun type_tyvars2 t =

| (fn Vartype s => [g]

‘ ] Ctype (s;tl) => list_cup (map type_tyvars2 tl))
| (dest_simple_type t);

The argumert to the function 't' is a TYPE . This is transformed into a DEST _SIMPLE _TYPE by
dest simple_type and then passedto a function abstraction de ned using pattern matching over the
structure of the datatype.

The function list_cup, which forms the union of two lists regardedassets(i.e. remaving duplicates), is
one of a number of generalpurposefunctions supplied with ProofPower to supplemen the standard
ML library in areasrelevant to the functionality of ProofPower.
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HOL TERM s

3.1 Intro duction

Following the structured presenation of TYPE s we now present the ProofPowerHOL TERM
language.

The primitiv e TERM structure is rst presened, covering:

Abstract Syntax
Concrete Syntax
Typing Rules

Semartics

Overlaid on this simple primitiv e structure there is a syntactically richer derived syntax, all of which
can be explained as more corveniert notation for writing TERM s which can also be written in the
primitiv e language.

The derived syntax is described also, and the semartics of these constructs is illustrated.

When erntering TERM s using the concrete syntax it is usually necessaryto use "Quine corners'
(Cp' and 'q) as quotation marks. A pair of Quine corners enclosinga piece of concrete syntax is
understood by ProofPower as an ML expressionof type TERM . The e ect of evaluating such an
expressionis achieved by parsing the concrete syntax, performing TYPE inferenceto determine
whether the expressionis well typed, and constructing the appropriate TERM . When an expression
is submitted to ProofPower which results in the computation of a value of type TERM , the TERM

pretty printer is automatically invokedto print the TERM , and will print the TERM in HOL concrete
syntax enclosedin Quine corners. Thesefeatureswill be illustrated in the following material.

3.2 Abstract Syntax

The primitiv e abstract syntax of TERM s has just four constructors.
A TERM is either a TERM variable, a constant, an application, or a lamhda-abstaction.

A TERM variable may be thought of asdenoting unspeci ed value, a constant as denoting a previ-
ously de ned value. An application denotesthe value of somefunction when applied to an argumert,
and a lambda-abstiaction describesa function by specifying the value of the function for an arbitrary
value of its argumert.

The standard ML datatype DEST_SIMPLE _-TERM re ects the top-level structure of HOL TERM s
and may be usedin computations with TERM s.
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datatype DEST _SIMPLE _TERM =
Var of string TYPE
i Const of string TYPE
j App of TERM TERM
i Simple of TERM TERM;

A TERM may be transformed into a DEST_SIMPLE _.TERM, or vice-versaby the following func-
tions.

‘dest_simple _term : TERM > DEST _SIMPLE _TERM ;
‘mk _simple _term : DEST _SIMPLE _-TERM > TERM ;

Alternativ ely a full collection of constructors, recognisersand destructors which operate directly on
TERM s are available. The namesof theseare formed by pre xing mk_, is_ and dest to the names
of the constructors in the abstract data type above (without capitalisation).

3.3 Concrete Syntax

The following BNF describes a very limited subset of the concrete syntax of HOL TERM s which
is su cien t for expressingTERM s according to their primitiv e structure. Later we we seea richer
syntax which makesthe notation more readable.

The clausesin this syntax describe:

lam bda abstraction s
function application s

inx function application s
typ e casts

variable sor constants

o o A w0 dpoE

brac ketted expression s

in turn.
BNF

Term =

“; Name; [:7; Type]; © 7; Term
Term; Term
Term; In XName ; Term
Term; " :"; Type
Name
(C; Term; )

Namesare treated as variables unlessthey have been previously declaredas constarts. Inx status
and priority are determined by xit y declarations.
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3.4 TYPEsof TERMs

Terms must be well typed.

The TYPE of a TERM is determined by TYPE inferenceusing the following rules:

3.4.1 Variables

A TERM variable in the abstract syntax (which may be thought of asits internal represenation),
consist simply of a name and a TYPE . The variable hasthe TYPE assaiated with it, and this is
essetially an axiom schemain the TYPE inferencesystem

In concrete syntax the TYPE of a variable may be explicitly cited using a TYPE -cast, in which
casethe variable constructed by the systemin forming the TERM from the quotation will have that
TYPE assaiated with it (provided a well-typing for the TERM asa whole can be discovered which
is consistert with all the contraints imposed, otherwise an error report will be given and no TERM
will be constructed.

This is re ected in the form of the axiom schema, which is expressedusing the concrete syrtax.

pv: g :

The schemastatesthat the TYPE of any variable quoted with a castis the sameasthe TYPE used
in the cast.

Where a variable is not given a cast a most general (possibly polymorphic) TYPE will be inferred
for it (if possible),and this will be usedin the construction of the TERM . Nevertheless,the principle
hold that in the asbtract represenation it hasthe TYPE which was assaiated with it when it was
formed.

3.4.2 Constan ts

A similar rule holds for constants. Each constart is also constructed as a constart name ass@iate
with a TYPE , and the TYPE supplied at the time of construction is the TYPE of the constart thus
formed.

When constarts are constructed by the systemwhile evaluating an object language quotation, the
TYPE inference rules adopted di er from those used for variables. In particular a name parsed
will only be interpreted as a constart if a constart of that name has beendeclaredin the current
scope. The TYPE inferrer will alsoinsist on the TYPE assignedto the constart being the TYPE
assaiated with the constart when it was declared,or a TYPE instance of that TYPE .

pc: q:

3.4.3 Lambda Abstractions

A lamida abstraction denotesa function from values of the TYPE of its formal parameter to the
valuesof the TYPE of the body of the lambda abstraction. The TYPE of the lambda abstraction
is therefore a function spaceTYPE wherethe rst argumert to the function spaceconstructor (the
domain TYPE ) is the TYPE of the formal parameter (or bound variable) and the secondargumert
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to the function spaceconstructor (the co-domain TYPE ) is the TYPE of the body of the lambda

abstraction.

The rule then states that if someTERM
cast

3.4.4 Applications

t' has TYPE
on its bound variable and body 't hasTYPE p

, then a lambda abstraction with TYPE
Q.

For a function application to be well-TYPE d the function must have a function spaceTYPE , and
the argumernt must have the same TYPE asthe domain TYPE of the function. In that casethe
application will have the sameTYPE asthe codomain of the function.

f: | DX
pf xq:

3.45 Type Rules in the Meta-language

The samerules may be renderedin ML asfollows:

The main di cult y in expressingrules of this kind in the metalanguageis that the metalanguageis
a programming language,not a logic, and therefore it only cortains constructs which are executable

which doesnot include universal quarti ers.

Neverthelesssomething similar to a free variable formulation of the rules can be given. This is an
expressionin ML cortaining variableswhich areto be understood asuninterpreted, together with the
corverntion that to assertan ML expressioncorntaining sud uninterpreted variablesis to assertthat
the expressionwill evaluate to the boolean value “true' whatever well-TYPE d value is substituted
for the instancesof uninterpreted variables, provided that distinct occurencesof the samevariable

are assignedthe samevalue throughout the expression.

Sud a claim cannot be veri ed without a logic for the metalanguage,which we do not have, however
it can beillustrated (or tested) by evaluating the expressionsfor one or more speci ¢ values.

Thus all the following ML encapsulations of the HOL TYPE inference rules have the following
characteristic. If for a particular set of valuesof the free variables occuring in it, the premisesof the
rule (the assertionsabove the line) evaluate to the value “true', then sowill the conclusion. This can
be illustrated by evaluating them after making the following speci ¢ bindings:

SML

val vname = "var";

val vtype = pBOOL(;
val cname = "0";

val ctype = pgNg;

val term = p0gq;

val ttype = aNg;

val funterm = pfun : % !
val arg = parg : 4q;

%ba;
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variables

‘ type_of (mk_var(vnameyvtype)) =: vtype;

constarts

‘ type_of (mk_const(cnamectype)) =: ctype;

lambda abstractions

type_of term =: ttype;
type_of p x:% ptermqgg=: p% ! psu.: ttypeqq

applications

type_of funterm = p% ! %q;
type_Of arg =: pchq,
type—Of pMprntermq vpargqq =: pOOq1

In fact the function type_of which is supplied in the ProofPower system can be de ned by recursion
in a manner very similar to the above statement of the TYPE inferencerules.

3.5 Typesof Terms - Examples

The following examplesuse the same method of expressingin the metalanguageclaims about the
TYPE of a TERM by citing ML expressionswhich ewvaluate to “true'.

They alsogive a preview of how the typed lambda calculusis madeinto higher order logic, by shaving
the TYPE s of someof the logical connectivesthat are de ned in the system.

SML

type_of px:Ng =: pNg;

type_of px:%aq = p%q;

type_of pOq = ANG;

type_of px:N x+ 1q =: pEN ! Ng;

type_of pXx Xx+ 1q = pEN ! Ng;

type_of p( x x+1)3q = [ANG;

type_of p$+ 1q = pN ! Ng;

type_of p$+q =: N ! N! Ng;

type_of pT g =: pBOOL(;

type_of p: Tq = pBOOL(;

type_of p3$: q = pBOOL ! BOOLg;
type_of p$"q = pBOOL ! BOOL ! BOOLg;
type_of p$8q = p(‘a! BOOL)! BOOLg;
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3.6 The Semantics of TERM s

The semariics of TERM s is explained informally by giving rules for evaluation of a TERM to yield
the value denotedby the TERM . This doesnot imply that the TERM s are executable,the evaluation
rules will often involve application of non-computable functions.

As with TYPE s, TERM s can only be given a value in an appropriate context.

In the caseof TYPE s the necessarycortext was:

A TYPE interpretation identifying the TYPE universe(a collection of non-empty setswhich
represerts the domain of discourse)and assigningvaluesto the TYPE constructorsin use.

An assignmen of setsto the TYPE variables occuring in the TYPE .

In the caseof TERM s the samecontext is necessaryto enable a denotation to be assignedto the
TYPE s occurring in the TERM , and in addition the following are required:

An interpretation which assignsto ead constart a family of values,onefor each monomorphic
instance of the TYPE of the constant, ead such value beinga member of the denotation under
the TYPE interpretation of the relevant monomorphic TYPE .

For eadh assignmen of TYPE sto the TYPE variablesoccuring in the TERM , an assignmem
of valuesfor ead distinct variable having free occurrencesin the TERM . Two variables are
consideredthe sameonly if their namesand their TYPE s are the same. The valuesassignedto
the variables must be members of the set denoted by their TYPE in the context of the TYPE
variable assignmet.

In sud a context the denotation of a TERM can be establishedby rules depending on the top level
abstract constructor as follows:

Variables
A variable denotesthe value assignedto it under the variable assignmetn.

Constan ts

A constart denotesthe value assignedto the constart in the interpretation for the specic
valuesassignedto TYPE variablesin the current TYPE -variable assignmen.

Lam bda Abstractions

A lambda abstraction denotesthe function whosedomain is the set assignedto the TYPE of
its bound variable in the current cortext and whosevalue at any point “p' is the value assigned
to the TERM which is the body of the lambda expressionin the context formed from the
current context by replacing the value assignedto the free variable having the samename aned
TYPE asthe bound variable of the abstraction by the value “p'.

Applications

Denotesthe value of the function denoted by the rst constituent TERM at the point which
is the value denoted by the secondconstituent TERM .
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3.7 Semantics of TERM s - Examples

In these exampleswe use proof in ProofPower to illustrate the semarics of HOL TERM s. The
particular proof facilities used will be explained in greater detail later. For presert purposesit is
su cien t to know that an ML nameendingin _conv is the nameof a conversion, and that cornversions
are functions which take TERM s as argumerts and return theorems after constructing a proof of
the theorem behind the scenes.The theoremsreturned will normally be equations of which the left
hand side is the TERM supplied as argumert, and the right hand side is sometransformation of
that TERM .

The rst exampleillustrates how the semariics of application and of lambda abstraction t together
to give reduction . This is the technical term for the processof substituting an argumert of a
function into the body of the function de nition.

SML

| —conv p( x x + 1) 3g;

Hol Output

valit = ( x x+1)3=3+ 1:THM

_conv is a very speci ¢ inferencefacility which doesno more than the substitution. In generalwe
will illustrate semartic features using the more powerful higher level rewriting facilities which will
do -reduction, and many other useful simpli cations.

SML

rewrite_conv[] p( x x + 1) 3q;

Hol Output

valit = ( x x+ 1)3=4:THM

In the above casenot only wasthe -reduction performed but also the evaluation of the resulting
subexpressionformed from numeric literals.

_axiom is one of the primitiv e axioms of the HOL logic. Its purposeis to assertthat functions in
HOL are extensional
SML

‘ _axiom ;

Hol Output

valit = 8f ( x fx)=f:THM

This is more transparently stated by ext_thm, a theorem derived from _axiom. ext_thm states that
two functions are equal if and only if they have the samevalues at every point in their domains.
(Quanti cation over the domain is ensuredby the TYPE inferrer, given that all functions in HOL
are total functions over their domain TYPE .)

SML

‘ext _thm ;

Hol Output

valit = 8fg f=g, (8x fx=gx):THM

The nal examplesare intended to illustrate the facts that:
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p43qg is a natural number.
pTqis of TYPE p:BOOLG.
The valuesof TYPE p:Ng are all greater than or equal to zero.

There are just two valuesof TYPE p:BOOLGq, pTq and pFq (true and false).

The facts are all provable using the automatic proof facilities provided in ProofPower, which the
reader may verify by pasting in the standard ML expressionsbelow into ProofPower and observing
that the TERM supplied as argumert is transformed into a theorem (by proof behind the scenes).

SML

|prove_rule ] p9 x:N 43 = xq;
|prove_rule [] p9 b:BOOL T = bg;
‘prove_rule [J p8 x:N x 0g;
|prove_rule [] p8 b:BOOL b=T b= Fq

3.8 Deriv ed Syntax for TERM s

The primitiv e syntax described above for HOL TERM s is complete in the sensethat every HOL
TERM can be built up or taken apart using only the primitiv e constructors and destructors. In the
sameway the primitiv e concrete syntax is complete, permitting any TERM to be written down as
applications or abstractions formed from variables or constarts.

This Spartan concrete syrntax is however not ideal for writing speci cations in a conciseand read-
able form. For this purposeit is desirableto be able to adopt a richer variety of syntactic forms
corresponding more with normal mathematical usage.

Product HOL provides “syrtactic sugar' which permits speci cations to be written in a more readable
way. Theseforms are alsoknown as “derived syntax'. Coresponding to the derived syntax supported
by the HOL parserthere are computational facilities which permit TERM s to be processedn ways
which correspond to the derived forms rather than the primitiv e forms.

To someextent it is arbitrary what featuresare treated in this way as part of the range of fully sup-
ported “derived syntax'. A newdatatype DEST_TERM is provided which givesa computational view
of the derived syntax of HOL TERM s. A full range of constructors destructors and discriminators
corresponding to the categoriesin this datatype are also available.

3.8.1 DEST _-TERM

The full de nition of the datatype DEST_TERM s as follows:

¢ Lemma 1 Ltd. 2000 PPT ex-2.7.6 - HOL Tutorial Notes USRO013



3.8. Deriv ed Syntax for TERM s 37

datatype DEST _TERM =

DVar of string TYPE
i DConst of string TYPE
j DApp of TERM TERM
j D of TERM  TERM
j DEq of TERM TERM
i D) of TERM TERM
j DT
j DF
j D: of TERM
j DP air of TERM TERM
j D~ of TERM TERM
j D_ of TERM TERM
j D, of TERM TERM
j DLet of ((TERM TERM )list TERM)
i DEn umSet of TERM list
j D? of TYPE
i DSetComp of TERM TERM
j DList of TERM list
i DEmpt yList of TYPE
j D8 of TERM  TERM
j D9 of TERM  TERM
j D9 of TERM TERM
j D of TERM  TERM
j DIf of (TERM TERM TERM)
i DN of int
j DChar of string
i DString of string;

The generaliseddestructor and constuctor for this derived abstract syntax are destterm and mk_
term respectively, which are ML functions with the following types.

SML
\dest_term : TERM > DEST_TERM ;
\mk-term - DEST_TERM > TERM ;

Speci ¢ constructors, destructors and discriminators for ead category in this may be obtained by
the following algorithm:

1. Take the name of the corresponding constructor from the de nition of DEST_TERM.

2. Drop the initial "D'.

3. pre x with mk_, dest or is_ as appropriate.

4. Changeto lower caseevery upper caseletter in the name and insert an underscorecharacter
in front of it.
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The signature of the constructors and destructors can be obtained directly from the type assaiated
with the corresponding constructor in the datatype DEST_TERM.

Alternativ ely the KWIC index to the referencemanual may be usedto nd afull listing of syntactic
constructors and destructors.

For example, corresponding to the constuctor "DSetComp' three functions are available as follows:

SML

|mk _set_comp : TERM TERM > TERM;
|dest _set_comp : TERM > TERM TERM
|is_set_comp : TERM > bool;

It may be noted that in this structure the rst four items correspond to the four constructorsin the
primitiv e abstract syntax, and therefore, in principle any TERM could be classi ed as one of these
four. Howewer, whena TERM s transformed into a DEST_TERM using the function destterm, it
will only be treated as a constart, a application or an abstraction if it cannot be interpreted as one
of the following derived TERM s (all of which arein primitiv e TERM s, either constarts, applications
or abstractions).

The derived syntax available for TERMs may be classi ed and discussedn then following categories:

pre X, inx and postx operators
binders
pair matching lambda abstractions
conditionals
local de nitions
set displays and abstractions
list displays
literals (numeric, character, and string)
Of thesethe rst two categoriesrepresent a generalfacility where any name can be given a special

lexical status and will then be usedin the concretesyntax in that special way. This doesnot a ect
the computational processingof TERM s.

Certain of the categoriesin the datatype DEST_TERM represen the treatment of important con-
stants de ned in the systemasif they were xtures of the language. This hasbeendone primarily for
those constructs which in rst order logic are normally consideredasbuilt in featuresof the language
rather than asde ned primitiv e or de ned constarts, which is their true status in HOL. This includes
the normal boolean operators, the quarti ers, and the constarts "T' and "F' represerning formulae
which are true and falserespectively in all standard models.

3.8.2 Binders

Constarts having TYPE : p(%a! %) ! %q (or any instance of this) may be declaredas binder s.

In normal usea constart which hasbeendeclaredasa binder must be applied to a lambda expression
with the © ' symbol omitted. The lexical status can be suspendedby pre xing the name by $, and
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this must be doneif it is required to usethe namein any way other than by applying it to a lambda
expression.

The following illustrates that an existertially quantied TERM is just the sameas an application
of the constart p $9 g to a lambda expression(in this case’just the sameas' means’is evaluated to
yield exactly the sameTERM ).

SML

‘pgx X =4q9=% p$ x x = 4q;

3.8.3 Nested Paired Abstractions

Nested lambda abstractions (often called curried) can be abbreviated as follows:

SML

px:N y:IN (x;y)g=$ p xy:N (x;y)q,

The secondoccurrenceof being omitted, together with the preceding . The function denoted
by the nested abstraction takestwo natural numbers and returns a pair. (\," is the inx pairing
operator.)

Functions taking pairs may be written as “pattern matching lambda abstractions':

SML

‘rewrite_oonv[] p( (x;¥y):N N x)=Fstq;

Pro ofP ower output

valit = ( (x;y) x)=Fst, T :THM

This  abstraction takesan argumert which is an ordered pair, and returns the rst elemen of the
pair.

Fst is the function de ned in ProofPower to selectthe rst elemen from an ordered pair. By use
of extensionality of functions and the de nition of Fst the rewriting facilities have reducedthe given
equation to pTq.

Thesee ects can be iterated or combined.
SML
|rewrite_conv []
| p( (GY):N N ((viw);z) x +y + v+ w+ 2) (1;2) ((3;4):5)q;

Pro ofP ower output

val it =
| O GY)((viw);2) x+y+ v w+ 2)(152) (3 4);5) = 15 1 THM

3.8.4 Conditionals

Conditionals may be written:

if t1 then t2 else t3
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This TERM denotesthe samevalue asthe TERM p t2 q in contexts in which the TERM ptl q
denotespT g, otherwise it denotesthe samevalue asthe TERM pt3q.
This is illustrated by the following examples:

SML

‘rewrite_oonv[] pif T then O else1q;

Pro ofP ower output

val it = * (if T then 0 elsel) = 0 : THM

SML

‘rewrite_oonv[] pif F then O else 1q;

Pro ofP ower output

val it = * (if F then 0 elsel) = 1 : THM

SML

‘rewrite_oonv[] pif 3>6 then x elseyq;

Pro ofP ower output

val it = (if 3 > 6 then x elsey) = y : THM

3.8.5 Let Clauses

Local declarations may be madein the form:
let defsin term

This TERM denotesin any cortext the samevalue asthe TERM ptermg denotesin the context

obtained by modifying the rst context by subsituting the valuesdenoted by the de ning expressions
in “defs'to the variables to which they are bound in “defs'. i.e. it denotesthe value of term when
evaluated in the context of the local de nitions in defs To eliminate a let clause, rewrite with

let _def.

SML

‘rewrite_oonv[let_def] plet a = "Peter" in a;aq;

Pro ofP ower output

‘val it = (let a = "Peter" in (a; a)) = ("Peter"; "Peter") : THM

The left hand side of a de nition may be a variable structure (known as a varstruct ) formed from

simple variables using the in x pair constructor °,"
SML

‘rewrite_oonv[let_def] plet (x;y) = (1;T) in (y;x)q;

Pro ofP ower output

‘val it =" (et (x;y)=(L; T)in (y;x)) = (T;1): THM

The left hand side of a de nition may also be a (non-recursive) function de nition:
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SML

‘rewrite_oonv[let_def] plet f x = x xin f 3q;

Pro ofP ower output

valit = (letf x = x xinf 3)=9:THM

Multiple de nitions may be givenin a single let clause.
SML

‘rewrite_oonv[let_def] pleta=1and b= 2 in (a;b)q;

Pro ofP ower output

‘val it="(eta=21andb=2in (a;b) = (1; 2) : THM

Multiple de nitions are "ewaluated in parallel’, i.e. the variable introduced by one de nition is only
in scope in the body of the let clause,not in the other de nitions.

SML

‘rewrite_oonv[let_def] pleta= 2 and b= a ain (a;b)q;

Pro ofP ower output

‘valitz‘ (leta=2andb=a ain (a;b) =(2;a a):THM

If the rst de nition is requiredto bein scope for the secondde nition then nestedlet clausesshould
be used,e.g.:

SML

‘rewrite_oonv[let_def] pleta=2in let b= a ain (a;b)qg;

Pro ofP ower output

‘val it="(eta=2inletb=a ain (a;b) = (2;4): THM

3.8.6 Set Displays

Setsmay be entered as TERM s by enumeration using the normal mathematical syntax, exceptthat
semi-colonsare usedinstead of commasas separatorsin the list of elemers:

SML

|rewrite_conv[lp9 2 f1 1;2 2;3 3; 4 4gq;

Pro ofP ower Output

valit = 92f1 1;2 2;3 3;4 4g, T :THM

SML

‘rewrite_oonv[]plo 2f11;2 2;3 3;4 4q9q;

Pro ofP ower Output

valit = 102 f1 1;2 2;3 3;4 4g, F:THM
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Setsmay also be entered as set abstractions:
SML

|rewrite_conv[]p9 2 fx j x < 12gq;

Pro ofP ower Output

val it = * 9 2 fxjx < 12g, T :THM

SML

‘rewrite_oonv[]pz 2 f(x;y) X < ygq;

Pro ofP ower Output

valit = * z 2 f(x;y)jx < yg, Fstz< Sndz:THM

3.8.7 List Displays

A similar syntax is available for lists:
SML
rewrite _conv[append_def]
p[1 1;2 2;3 3;4 4] @[5 5]q;

Pro ofP ower Output
val it = °
1 1;2 2;3 3;4 4] @[5 5]=1][1;4;9;16;25]: THM

SML

‘pCons 1 [2;3;4;5]q;

Pro ofP ower Output

‘val it = p[1;2;3; 4;5]q: TERM

3.8.8 Literals

Numeric literals consistof a sequenceof decimal digits (no sign):
SML

|dest simple_term p123g;

Pro ofP ower output

|val it = Const ("123"; pNg) : DEST _SIMPLE _TERM

As shawn this is interpreted asa constart of TYPE p:Ng whosenameis the sameasthe literal itself
(except that leading zeroswill have beenomitted.

Character literals consist of a single character in ~ characters:
SML

|dest simple_term p’ g
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Pro ofP ower output

val it = Const (" "; pCHARG) : DEST _SIMPLE _TERM

Again this is interpreted as a constart, in this caseof TYPE p:CHARg. The nameis pre xed by
a ~ character in order to prevert its name clashingwith the name of any constart introduced by a

user of ProofPower (but it is not terminated by *).

String literals consist of zero or more charactersin \"" characters:
SML

‘desLsimpIe_term p"many characters "q;

Pro ofP ower output
‘val it = Const ("n"many characters "
‘ pCHAR LIST q) : DEST _SIMPLE _-TERM

In this casethe name of the constart is pre xed with but not terminated by ".

A string literal denotesa LIST of characters:
SML

|[TOP _MAP _C string _conv p" characters "q;

Pro ofP ower output
‘val it = ° "characters
\ =[c,; hy;a;r;a; c; t;e;r;'s,;
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THEORIES

Having decribedthe HOL TYPE and TERM languageswe now considerother aspectsof ProofPower
which enabletheseto be usedin writing speci cations and conducting formal proofs.

The term speci cation hasa dual usein the following. It is usedto describe a quartitit y of formal
material perhaps consisting of many documerts and spread over sewral THEOR Ys. It is also
usedin the name of someof the proceduresavailable for entering parts of a speci cation into the
system (usually abbreviated to spec), or of paragraphswhich provide an alternativ e concrete syntax
for undertaking sud speci cations.

A speci cation (in the rst sense),when processedy ProofPower extendsthe logical system which
ProofPower provides with new TYPE constructors and constarts which constitute mathematical
models of the system specied. The means of extension may be classi ed into those which are
conservativeand thosewhich arenot. A consenative extensionis onewhich is guaranteed safe,insofar
asits introduction will not render the logical system inconsistert. For most purposesconsenative
extensionsare su cien t, though it is sometimesdesirableto make non-consenativ e extensions,either
for reasonsof cost and corvenience,or (very rarely in applications) becausethere is a real needto
strengthenthe logic. Becauseof the risk assaiated with non-consenativ e extensionstheseare always
recorded as new axioms. The use of an axiom is con ned to the theory in which it is declaredand
its descendats, and it is always possibleto discover the full set of axioms which are presen in a
theory and its ancestry.

Information about speci cations is held in the theory database.

The theory database consists of a hierarchy of theories interconnected by the parent-child
relationship.

The details of a speci cation are put in the theories using various declarations, de nitions
and speci cations which are calls to ML functions, or by the use of paragraphswhich provide
an alternativ e syntax for someof these procedure calls which avoids explicit use of the meta-
language.

4.1 Theories

4.1.1 Intro duction
A HOL theory cortains the following information:

The name of the theory and the namesof its parents and children.
The namesand arities of TYPE constructors declaredin the theory.
The namesand TYPE s of constarts declaredin the theory.

Fixit y and aliasing information.
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Possibly someaxioms.
De nitions of constarts.

A collection of saved theorems.

4.1.2 Access to Theories

To usea theory it must be\in context", this can be achieved by opening the theory or one of its
descendets:

SML

open_theory : string > unit;

Open theory makesthe namedtheory the curren t theory .

The theory “basic hol' must always be in context, sinceits ancestorscontain de nitions on which
the soundnessof the built-in inferencerules depend. The ancestorsof basic_hol may not themseles
be opened (since this would permit theoriesto be created with incorrect variants of these critical
de nitions), but will always be in the ancestry of the currently openedtheory.

To display the cortents of a theory use:

SML

|prin t_theory : string > unit;

print _theory takesas parameter the name of the theory to be printed, and acceptsthe abbreviation
"-" instead of the current theory name. The theory must be in context, i.e. the current theory or
an ancestorof it.

To create a new theory which is a child of the current theory:

SML

new _theory : string > unit;

new_theory will createa new theory whoseparen is the current theory and whosenameis the string
supplied as parameter. This new theory will then becomethe current theory.

To add a new parert to the current theory:

SML

new _parent : string > unit;

new_parent will add a new parent to the current theory. This enablesthe contents of the parent
theory and any of its ancestorsto be usedin the current theory or its descendats.

To get things from the theory a range of functions are provided. Thesewill normally be usedonly
when the value retrieved is required for computations rather than for display, sinceprint _theory will
display the information suitably formatted, while thesefunctions simply return the value rather than
formatting it for display.

Thesefunctions, with the soleexception of get_spec take a string parameter which is the name of the
theory to be accessedand sometimesrequire a further string parameter which is a keyword under
which the required value has beensaved. The secondparameter is omitted in those functions which
retrieve all the valuesof a certain kind from a theory (usually namesending in 's', e.g. get.binders).
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SML

get _aliases :string > (string  TERM) list;
get _ancestors . string > string list;

get _axiom . string > string > THM ;

get _axioms . string > (string list THM) list;
get _binders : string > string list;

get _children :string > string list;

get _consts . string > TERM list;

get _defn . string > string > THM ;

get _defns . string > (string list  THM) list;
get _descendants :string > string list;

get _parents . string > string list;

get _thm . string > string > THM ;

get _thms > string > (string list  THM) list;
get_spec : TERM > THM ;

To save things in the theory use declarations, de nitions, speci cations or paragraphs (seebelow),
or save thm.

You should now be able to do the exercisesin section 13.2.

4.2 Declarations, De nitions and Speci cations

4.2.1 TYPE constructors

An uninterpreted new TYPE constructor may be intro duced using new_type, which requiresto know
only the name and arity of the new TYPE constructor.

SML

new _type :string  int > TYPE;

A TYPE constructor may be de ned using new_type_de nition by identifying a non-empty subsetof
an existing TYPE with which the new TYPE is required to be in one-onecorrespondence.

SML

new _typ e_defn > string list  string string list THM > THM ;
The parametersto new_type_de nition are:

1. A list of keywords under which the TYPE de nition will be stored (in the current theory).
2. the name of the new TYPE constructor to be introduced

3. A list of the namesofthe TYPE variablespreser in de nition of the property which determines
the subsetof the represertation TYPE to be in one-onecorrespondencewith the new TYPE .

These TYPE variables will correspond to TYPE parametersto the newly introduced TYPE
constructor, and their order determines the order in which the TYPE parameters must be
supplied to the new TYPE constructor.

4. the theorem stating that the set determined by the de ning property is non-empty
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TYPE abbreviations may also be introduced using:

SML

declare _typ e_abbrev :string  string list TYPE > unit;

Wherethe rst nameisthe nameofthe TYPE abbreviation and the secondis alist of TYPE variables
occurring in the TYPE supplied asthird parameter. Theseare e ectiv ely formal parametersto the
de nition. The actual parameters supplied when using the TYPE abbreviation will e ectively be
substituted for the formal parametersin the de ning TYPE .

4.2.2 Constants

new_const enablesa completely uninterpreted new constart to be introduced. This results in no
de nition of the constart.

The primitiv e way of introducing a constart is simple_new_defn which enablesa constart to be
introduced by identifying an existing TERM asthe value for the new constart.

new_spec permits greater freedomin the form of the de nition of a constart, but to ensurethat the
intro duction is a consenativ e extensiona prior proof is required that a value satisfying the de nition
already exists. A single call to new_spec can intro duce several constarts at once.

const.spec is a variant of new_spec which avoids the needto prove consistencyprior to introducing
the new constarts. It will attempt a consistencyproof itself using a consistencyprover taken from
the current proof cortext, and if it fails to complete the consistencythe constarts are nevertheless
introduced,in a form which permits them to be usedfor their intended purposeonly if the consistency
proof completed later.

SML

‘new_const . string  TYPE > TERM;

‘simple _new _defn  :string list string TERM > THM;
[new _spec :string list int THM > THM ;
‘const_spec > string list TERM list TERM > THM ;

4.2.3 Product Specications

Two specialfunctions are provided for intro ducing new product TYPE s, both labelledand unlabelled.
Theseintroducea new TYPE at the sametime as a number of new constarts.
SML

unlab elled _pro duct _spec

f tyi : TYPE list; tykey . string;
tyname . string; tyvars : TYPE list OPT;
conkeys . string list; conname . stringg

> THM ;

lab elled _pro duct _spec

ftykey : string; labels . (string  TYPE) list;
tyname . string; tyvars : TYPE list OPT;
conname . string; constkeys . string listg

> THM ;
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424 Lexical Declarations

Any identi er can be declared:

prex ,inx , postx (with apriorit y)

a binder (like\8" and\9")

using the following xit y declaration procedures:

SML

‘declare _pre x cint  string > unit;
‘declare _inx cint  string > unit;
‘declare _post x cint  string > unit;
‘declare _binder :string > unit;

Sudh a declaration a ects all usesof the nameincluding the useof the nameasa variable, however the
lexical status of namesmay vary from onetheory to another, or the special xit y may be removed
using:

SML

declare _non x . string > unit;

The following procedure may be usedto discover the lexical status of a namein the current theory.
SML

lget_xit y :string > Lex:FIXITY ;

4.3 Paragraphs

Somedeclarations may be done without resort to the metalanguage. This facility enablesspeci ca-
tions to be preseried almost entirely in HOL without having to make use of standard ML as well
throughout the speci cation documerts.

The form of these paragraphs is similar to someof the paragraphs forms in the Z speci cation
language[11], which is supported by ProofPower. These paragraphs, despite their similarity to Z
are distinct from the similar Z paragraphs(which are alsoacceptedby ProofPower). An intro duction
to ProofPower support for Z may be found in ProofPower Z Tutorial [17].

4.3.1 Constant Declaration Paragraphs

This is a special syntactic form usedfor invoking const_spec.
SML
‘(open_theory "usr013" handle _ => (open_theory "hol"; new_theory "usr013"));
‘set_pc "hol2";
|declare_post x (200; "!");

A HOL constart speci cation (HOLCONST ) paragraphis entered into a documert or into Proof-
Power as follows:
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s HOLCONST

|length: % LIST ! N

|> 7777777777777777

| length [] = O

N 8ht length (Cons h t) = lengtht + 1

and this normally results in a printed form like this:
HOL Constan t

length: % LIST ! N

length[] = O
AN8hit length (Cons h't) = lengtht + 1

This results in a new de nition being entered into the current theory (seebelow).

Provided that the systemsucceededn proving the consistencyof the de nition (which it did in this
case)it canimmediately be usedas follows:
SML

‘rewrite_oonv[get_specplengthq] plength [1;2;3;4;5]q;

Pro ofP ower output

val it = * length [1; 2; 3;4; 5] = 5 : THM

4.3.2 Labelled Product Paragraphs

These provide an object language construct (HOLLABPR OD paragraph) for introducing
lab elled pro ducts using lakelled_product_spec.

The entry in the sourcedocumert, which may be read or pastedinto ProofPowelis:

| s HOLLABPR OD Date———————
‘ | day month year:N

Which is printed as:

HOL Lab elled Pro duct
Date
—

| day month year:N
|

The following de nitions result:
SML

print _theory "usr013";
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Pro ofP ower output

=== The theory usr013 ===
Parents
cachéehol hol
Constants
length QLIST! N
year Date ! N
month Date! N
day Date! N
MkDate N! N! N! Date
Types
Date
Fixity
Postx 200: !
De nitions
length “length[] = 0
A (8 ht length (Consht) = lengtht + 1)
Date T 9f TypeDefn( x T)f
MkDate
day
month
year T 81 x1 x2 x3
day (MkDate x1 x2 x3) = x1
N month (MkDate x1 x2 x3) = x2
A year (MkDate x1 x2 x3) = x3
A MkDate (day t) (month t) (year t) = t
=== End of listing of theory usr0l13 ===

You should now be able to attempt the exercisesin section 13.3.
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FORWARD PROOF

5.1 Intro duction

ProofPower follows the LCF paradigm [5], in which an abstract data type implemented in a func-
tional programming language(known asthe metalanguage , in this caseStandard ML) guarantees
that a protected type (THM in this case)includes only valueswhich have beenobtained by compu-
tations which precisely correspond to proofsin the object language (ProofPowerHoL).

ProofPower keepstrack of which theoremshave beenproven and in what cortext, sothat the user
can always establish whether a theorem is valid and if so, from which axioms and de nitions it has
beenderived. ProofPower doesnot keeptrack of how a theorem has beenderived, onceit has fully

cheded the validity of the derivation. Usersof ProofPower will usually keep a record of how they

have derived their theoremsin a documert (often referred to as a “proof script). ProofPower does
provide somesupport for the preparation of suc proof scripts and for their printing and processing,
interactively or in batch.

A theorem in ProofPower is a value of type THM computed from axioms and de nition s using
rules and conversions. An axiom is a theoremintroducedwithout proof, and recordedassud in the
theory hierarchy. A de nition is a special kind of axiom intro duced by \conservative" medanisms.
A rule is a function which computestheorems. Rules may be logically primitiv e rule s, in which
casethe form part of the primitiv e abstract logic, kernel rule s in which casethey are among the
rules implemented directly in the logical kernel (which includes all the primitive rules), or they may
be deriv ed rule s, in which casethey are implemented as standard ML functions which compute
the required results using the kernel rules. A conversion is a special kind of rule which proves
THM s which are equations. A corversion takesa TERM argument and (if successful)returns a
THM whoseconclusionis an equation with the sameTERM on the left hand side of the equation.
The idea of derived rules as computations is due to Robin Milner. conversions, a very important
special caseof derived rules which form the basis for equational reasoning, were invented by Larry
Paulson [7].

5.2 Theorems

The HOL logic is a sequent calculus . A sequent is a value in Standard ML having an ML type
namedeither SEQ or GOAL de ned as: (TERM list) * TERM. Each TERM in a sequentmust have
HOL TYPE p:BOOLGg. In sud a sequentthe list of TERMs on the left are known as assumptions

or asms while the single TERM on the right is the known asthe conclusion or concl of the sequent

A sgquent may be assigneda value in the context of a HOL interpretation and an assignmen to
the free variables occurring in the sequent This value is de ned using the rules for evaluation of
TERM s (seesection 3.6), which in the caseof boolean TERM s will always assigneither the value
pTqg or pFg. The value assignedto the sequentwill be pTq if the value assignedto the conclusionof
the sequentis pTq, or if the value assignedto any one of the assumptionsis pFg.

A sguentis satis ed by an interpretation if it evaluatesto pTqin the context of that interpretation
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for every well typed assignmen of valuesto the free variablesin the sequent A sequentis entailed
by a set of axioms and de nitions if it is satis ed by every model which satis es all of the axioms
and de nitions.

The logic supported by ProofPower enablesonly those sequents to be proven in the context of any

collection of axioms and de nitions which are entailed by those axioms and de nitions. In the case
that the only axiomsin corntext are the v e primitiv e axioms of the HOL logic the sequen “([],pFQq)’

is not provable, no matter what collection of de nitions are in corntext. (ProofPower will reject any

attempt to enter a de nition which would enablethe sequen to be proven).

A theorem corresponds to a sequent which has been derived from axioms and de nitions using the
rules of the logic. Theoremsare tagged with an indicator of the context in which they were derived
(and becauseof this extra information are not identical with the corresponding sequet).

The seguent part of a theorem may be accessedising the following ML functions:

SML

] dest _thm : THM > SEQ;

| asms : THM > TERM list;
‘ concl :THM > TERM ;

dest thm returns the complete sequent corresponding to a value of type THM, while asmsand concl
return the left hand part of the the sequent(the assumptions)and the right hand part (the conclusion)
respectively.

No constructor is available which simply constructs a theorem from a sequent, since this may only
be done by proof. The closestfunction to achieving this is:

SML

new _axiom : (string list TERM) > THM;

which, though returning the required theorem, doesso only after this has beenrecordedas an axiom
in the current theory. The strings supplied are keywords against which the theorem is stored in the
theory, and may be usedsubsequetly to retrieve the theorem from the theory.

Theorems are displayed without "Quine corners' ('p',” ¢'). Unlike TERM s they cannot be parsed,
they must be proven (or introduced as axioms).

5.3 The Primitiv e Logic

The primitiv e HOL logic can be described abstractly in very simple terms.

There are three primitiv e TYPE constructors:

BOOL
A O-ary TYPE constructor which denotesa set corntaining the two truth values(pT q and pFq).

IND
A O-ary TYPE constructor which denotesan in nite set of individuals.
!

A 2-ary TYPE constructor known as the “function spaceconstructor' denoting the function
which, given two sets (the domain and the codomain), returns the set of all functions which
are total over the domain and have valuesin the codomain.
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The primitiv e constarts are:

the polymorphic curried in x equality function.

)

The curried in x BOOLean operator which denotesmaterial implication.

Which denotesa polymorphic choice function

The primitiv e TYPE constructors and constarts are introduced in theory min . A number of addi-
tional constarts are de ned in terms of these primitiv esin theory log, and then the v e axioms of
the HOL logic are introducedin theory init .

There are sewen primitive rules which complete the primitiv e logic.

5.4 The Logical Kernel

The Logical Kernel of ProofPower is that part of ProofPower which is critical to the cheding of
proofs and the soundnessof the implemented logical system.

The logical kernel implemerts the primitiv e logic and also a small number of non-primitiv e rules.
Featureswhich are not in the primitiv e logic are included in the logical kernel for two main reasons.

Firstly, support for certain literals is in practice essetial, but not directly addressedn the primitiv e
logical basis. The literals supported at present are numeric literals, character literals, and string
literals. Literals provide corveniert concretesyntax for in nite families of constarts. Theseconstarts
in all casescould be intro ducedlogically by the useof de nitions wereit not that an in nite number
of de nitions would berequired. The literals are therefore treated asbuilt in constarts the de nitions
of which are obtained from cornversionsprovided in the logical kernel. The TYPE s p:Ng, p:CHARq
and p:CHAR LIST g of theseliterals are therefore in the pervasive theories.

Secondly e ciency in computing and chedking proofs is greatly improved if a small number of
inferencerules which could be implemented as derived rules are in fact implemerted directly in the
logical kernel.

In addition to theserules, the mecanismsfor undertaking consenative extensionsought strictly also
be consideredto be part of the logic, since aws in their de nition or implemetation might result in
the logical system being renderedinconsistert.

Closely assaiated with the logical kernel are the set of pervasive theories . Thesetheories intro-

duce the primitiv e TYPE constructors and constarts, and a number of de nitions of other TYPE

constructor s and constarts. The theories contain all the de nitions on which the soundnessof the
rulesimplemented in the logical kerneldepend. The pervasive theoriesare basic_hol and its ancestors.
No new theory may be intro duced which doesnot have basic_hol as an ancestor.

5.5 Naming Conventions for Theorems and Rules

Certain naming convertions are usefulin permitting theoremsand rulesto belocatedin the reference
documenation (with the assistanceof the KWIC index).
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_axiom

Names ending with _axiom are used for axioms or for functions (e.g. new_axiom) which
intro duce or accessaxioms.

_def _spec

Name su xes usedfor de nitions or speci cations.

_thm _clauses

Namesu xes for theorems. Many theoremsare conjuncts of seweral usefulresults, and in these
casesthe su x _clausesis usedin the theorem name.

_rule _elim _intro

Namesendingin _elim are usually inferencerules which eliminate someHOL construct (e.g. a
conjunction). Namesendingin _intr o are inferencerules which intr oduce the relevant construct.
Other rules will normally end with _rule.

_conv

Namesendingin _conv are cornversions,i.e. rules having type TERM -> THM wherethe THM
is an equation (or bi-implication) with the TERM asits left hand operand.

5.6 A Selection of Useful Rules

5.6.1 Assume Rule

The ML function asm_rule implements the primitiv e rule corresponding in a sequent calculus to
making an assumptionin a natural deduction proof.

Given any BOOLean TERM , asm_rule will return the theorem which hasthat TERM both asits
soleassumption and asits conclusion.

SML

val thm1 = asm_rule p8x y:N x y > Og;

Pro ofP ower Output
val thml = 8xy x y >0
| T8xy x y>0:THM

5.6.2 Mo dus Ponens

The primitiv e rule often known as mo dus ponens, whosenamein ProofPoweris) _elim, enables
a theorem to be deducedonceit hasbeenproven that it is implied by someother proven fact.

SML
val thm_a = asm_rule pa:BOOLg;
‘val thm_b = asm_rule pa) bq;

Pro ofP ower Output
‘val thm_a= a  a: THM
valthmb=a) b a) b:THM
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SML

val thm_c =) _elim thm_b thm _a;

Pro ofP ower Output

‘val thm_.c=a) b;a’ b:THM

5.6.3 Specialisation

The specialisation of a universal result to a particular casein performed by the rule 8_elim .

The value to be usedfor specialisation is supplied asa TERM in the rst parameter, and must be
consistert with the TYPE of the quanti ed variable.

SML

val thm2 = 8_elim p455q thm1;

Pro ofP ower Output

val thm2 = 8xy x y> 0" 8y 455 y> 0:THM

5.6.4 Multiple Specialisation

Seweral nested universal quanti cations can be specialisedat once using list _8_elim . In this case
the valuesto be usedfor specialisation are supplied as a list of TERM s.

SML

val thm3 = list _8_elim [p455q;p0q] thm1;

Pro ofP ower Output

val thm3 = 8xy x y> 0" 455 0> 0:THM

5.6.5 Removing Outermost Univ ersals

A special caseof the above is the casewhere it is required to specialiseall universalsto the free
variable having the samename as the variable usedfor quanti cation. all _8_elim will accomplish
this specialisation wihout needof any parameters.

SML

‘val thm4 = all _8_elim thm1;

Pro ofP ower Output

val thm4 = 8 xy x y>0"x y>0:THM
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5.6.6 Splitting Conjunctions

From a theoremwhoseconclusionis a conjunction, alist of theoremscan be derived. The conclusions
of thesetheoremsare the individual conjuncts of the original theorem, and the assumptionsare the
sameas thosein the original theorem.
In the context of the binding:

SML

‘plus _order _thm ;

Pro ofP ower output
‘valit:‘8imn
| m+i=i+mAr(i+m+n=i+m+nrm+i+n=i+m+n:THM

plus_order_thm can be broken apart by using strip _”* _rule asfollows:
SML

‘val thm5 = all_8_elim plus_order_thm;

Pro ofP ower output

‘valthm5=‘m+i=i+m
| A+ m)y+n=i+m+n
‘ Am+i+n=i+m+n:THM

SML

‘val thmsl = strip _" _rule thm5;

Pro ofP ower output

‘valthmslz[‘m+i:i+m;
| i+ m+En=i+m+n;
| "M+ i+n=i+m+n]l:THM list

5.6.7 Adding Univ ersals

A theorem may be closal by universally quantifying over all variables which have free occurrences
in the conclusion of the theorem but not in any of its assumptions. all _8_intro accomplishesthis
task.

The ML function nth selectsthe nth elemen from a list.

SML

‘nth 2 thms1;

Pro ofP ower output

‘valitz‘m+i+n=i+m+n:THM

SML

val thm6 = all_8.intro (nth 2 thmsl);
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Pro ofP ower output

valthmé =" 8min m+i+n=i+m+n:THM
If the quanti ers are required in somespeci ¢ order list _8_intro should be usedand supplied with
the list of variables over which universal quanti cation is desired.

SML

‘val thm7 = list _8_intro [pig;pmg;png] (nth 2 thmsl);

Pro ofP ower output

‘valthm7:‘8imn m+i+n=i+m+n:THM

You should now be able to attempt the exercisesn section 13.4.
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Chapter 6 61

GOAL ORIENTED PROOF

6.1 Intro duction

Direct forward proof of non-trivial results is usually a complex and di cult process.

In practice, nding sud a proof will usually begin with a conjecture thought to be true of which
a proof is sough, and will proceedby working backwards from this conjecture to more elemenary
results from which it can be derived until the conjecture is seento be derivable from axioms or
previously proven theorems.

A “subgoalpadkage'is available in ProofPower to assistin this process,and this is normally usedin
constructing all but the very simplest proofs.

The subgoalpadkageis basedon the notion of a TACTIC . A TACTIC , givena GOAL which the user
wishesto prove, will determine one or more subgoal s from which the GOAL is derivable and return
the list of sulgaals and a function, known as a PROOF which is able to prove the original GOAL
from theorems corresponding to the sulgaals which the TACTIC has chosen. Normally a tactic
would be expected to deliver a set of subgoalswhich are easierto prove than the original GOAL,
and in this way the proof is progresseduntil sulpcals are reducedto the level at which TACTIC s
can be found which are able to prove the sulgaals from the empty set of sulpaals.

The subgoalpackagehelpsthe userto managethe developmert of a proof using TACTIC s by keeping
track of the outstanding subgoalsand composing together the fragmens of proof delivered by the
various TACTIC s applied during the developmen of the proof.

a GOAL,

is just a sequet, viz:
{ alist of assumptions(boolean TERM s)
{ aconclusion(also a boolean TERM )

GOAL = TERM list * TERM = SEQ

a PR OOF,
is a function which computesa theorem from a list of theorems.
PROOF = THM list -> THM

a TACTIC,
is a function which:

{ takesa GOAL
{ returns

a list of sulgaals
a PROOF which will compute a theorem corresponding to (\ac hieving") the input
goal from theorems corresponding to the sulgaals.
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TACTIC = GOAL -> (GOAL list * PROOF)

6.2 Using the Subgoal Package

6.2.1 Getting Started
A proof using the subgoalpadkageis initiated by supplying to the subgoalpadkagethe GOAL to be
proven.

The following three functions are available for this purpose:

SML

‘set_goal - GOAL > unit;
|push _goal : GOAL > unit;
‘push _consistency _goal : TERM > unit;

set gaal is the function most frequertly used. If the subgoal padage was already in use this will
replacethe current GOAL by the newly supplied goal and the proof in progresswill be aborted.

In the casethat a proof isin progressand the userwishesto return to that proof after completing the
proof he is about to start, then he should usepush.gaal. In this casethe old proof will be resurrected
when the new proof has beencompleted.

push.consistency.gaal is used when the consistencyof a HOL constart speci cation has not been
proven automatically when the constart was introduced and the user wishesto complete the proof
himself. In this casea HOL TERM is supplied as parameter to the procedure. This TERM must
consist of the constart the consistencyof whosespeci cation is to be proven, and the goal will then
be set appropriately.

6.2.2 Doing the Pro of

Only a small number of subgoal padage proceduresare neededto conduct the proof.

SML

apply _tactic : TACTIC > unit;

a : TACTIC > unit;
undo cint > unit;
set_labelled _goal : string > unit;
lemma _tac : TERM > TACTIC;

apply_tactic, which may be abbreviated simply asa, may be usedto progressthe proof by applying a
tactic to the current goal. The user selectsthe tactic to be applied and suppliesthis asa parameter
to apply_tactic. The tactic will then be applied to the current subgoal, and if it is successfulthe
resulting subgoalswill be displayed. If the application of the tactic is successfubut no new subgoals
result, then the tactic has completedthe proof of the original subgoal. Another outstanding subgoal
will be selectedand displayed. If all subgoalshave been proven the user will be informed that his
proof is complete.

If, on seeingthe e ect of his selectedtactic, the user decidesthat he would rather do something
else,then he may useundo to reversethe e ects of the tactic application. The user may step badk
through seweral steps,the number of stepsrememnmberedby the subgoalpackagefor this purposebeing
determined by a system cortrol parameter.
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At eadh stepin the developmert of the proof, after applying a tactic to the current subgoal,the sub-
goal padkagewill selecta subgoalasthe current subgoal. If the userwishesto prove the outstanding
subgoalsin an order di ering from that selectedby the subgoalpadagethen he may selecta subgoal
for processingby using set_labelled_gaal. This function requiresa string parameter which is the label
assignedby the subgoal padage to the goal when it was rst introduced. This is displayed as a
string suitable for input by cut and pasteto set labelled_gaal when the goal is displayed.

In many casesthe best thing to prove next is in fact not one of the outstanding subgoalsbut some
other result from which the current subgoalcould be proven. For this purposeno special functionality
in the subgoal padkageis required, useof a TACTIC called lemma_tac will do the job. lemma_tac
should be usedto commenceproof of a result which can be proven from the list of assumptionson
the current subgoal,and which will facilitate the proof of the conclusionof the current subgoal. The
tactic is usedby supplying the new conclusionasa TERM parameterto lemma_tac. lemma_tac will

then (usually) create two new subgoals. The rst is the subgoalwith the sameassumptionsas the
current subgoal,but the new conclusionassuppliedto lemma_tac. The secondsubgoalis the original
subgoalwith the new result stripp ed into the assumptions. The stripping processmay causefurther

casesplits, in which casemore than two subgoalsmay arise, or it may even causethe secondsubgoal
to be discharged, in which caseonly the one subgoalwill result from the application of lemma_tac.

lemma_tac would not normally be usedwhere the result to be proven is of generalinterest beyond
the current proof. In sud a casethe general result would be set up as a new main goal by using
push.gaal. After completion of this subsidiary proof the result would be stored in a suitable theory
or bound to an ML name. The original proof can then be resumedmaking use of the result thus
obtained.

6.2.3 Finishing O

When the subgoal padkage declaresthat the proof is complete the user has the following options:

SML

|top thm cunit > THM ;
|pop_thm cunit > THM ;
|save_pop _thm :string > THM ;

top_thm may be usedto retrieve the theorem just proven, returning this as a value but making no
other changes.

pop_thm returns the theorem just proven, without retaining the theorem in the subgoal padkage. If
the proof was started with a pushthe previous proof will nhow be resumedby displaying the current
subgoalin that proof.

Often the userwill wish to save the theorem in his current theory, in which casesave pop_thm may
be used. A single string is supplied as a keyword for retrieving the theorem from the theory, and the
value of the theorem is returned aswell as being stored (it is usually cornveniert to bind the theorem
to an ML name at the sametime).

also note:
SML
|drop _main _goal s unit > GOAL;
‘save_thm :string  THM > THM ;
‘Iist _save_thm string list THM > THM ;
|save_consistency _thm :TERM > THM > THM;
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drop_main_gaal may be usedto abandona proof attempt (possibly becauset hasbecomeclear that
the original GOAL is unprovable). If there are other proofs stacked, the most recert will be resumed.
repeat drop_main_gaal may be usedto discard all the goalson the main goal stack.

save thm and list_save thm may be usedto save theoremswhich have beenproven without using the
subgoal padkage. list_save thm allows the theorem to be saved under more than one key (and may
be usedfor this, with pop_thm to save the result of a subgoalpackage proof under multiple keys).

save consistency.thm should be usedto save the result of a subgoalproof where the proof was initi-

ated using push_consistency gaal. It doeshowever require the theorem to be saved to be submitted
as a parameter, and is therefore normally usedwith pop_thm. The TERM parameter must be one
of the constarts whosespeci cation has beenproven consistert.
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PREDICA TE CALCULUS

This chapter considersthe three most important facilities in ProofPower for reasoning essetially
within the rst order predicate calculus with equality, and a number of miscellaneoustactics con-
cernedwith the predicate calculus.

The core functionality of ead of thesefacilities is within the predicate calculus, but they all include
context sensitive pre- and post-processingwhich may be set up to incorporate knowledge of broader
areas.

The facilities are:

stripping

The facilities in this group are frequertly used, being invoked cortinually during most proofs,
and are almost ertirely determined by context. Stripping is the principal technique for dealing
with propositional connectives and for this reasonis the source of most of the casesplitting
which occursin ProofPower proofs.

forward chaining

Forward chaining is in most applications the most convenient way of instantiating generalised
implications which are among the assumptions of the current goal, or among the theorems
previous proven.

rewriting
The rewriting facilities provide support for using equationsto transform theorems or GOALs.

7.1 Stripping

The stripping facilities, most frequertly invoked using strip _tac, provide systematic ways of sim-
plifying both the conclusionof a goal and assumptionsintro duced during a proof.

Stripping the conclusionis the primary purposeof strip_tac, one invocation of which will perform
one step of transformation on the conclusion.

New assumptionsare commonly created by the stripping of a conclusionwhich is an implication, but
forward inferencefrom the assumptionsalsoresults in the creation of new assumptions. The default
action on creating a new assumption is to completely strip the assumption before adding it to the
current assumptions.

Most of the e ects created when stripping either conclusionsor assumptions are achieved by the
application of equational transformations to the existing conclusionor the new assumption. All such
changesare con gurable, and the set of such transformations in force at any time is determined by the
current proof context. The small set of actions of the stripping facilities which are not con gurable,
are just those e ects necessaryto make stripping capable of solving propositional tautologies and to
do the few completely uncorntroversial quanti er rules (essetially “skolemisation' of quarnti ers).
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To understand the behaviour of the stripping facilities (which is not necessaryto usethem success-
fully), you needto understand what the built in actions are, and what corversionsare applied in

any particular context. In this sectionwe are concernedonly with those con gurable actions which

are concernedwith reasoningin the predicate calculus. Almost all proof cortexts will include these
actions as well as further actions relating to the non-predicate calculus reasoning which is to be

exploited.

In the following sections we therefore describe the built in actions on stripping conclusionsand
assumptions,and then the cornversionsnormally in place which relate to the predicate calculus.

\stripping" facilities incorporate automatic propositional reasoningand enabledomain speci ¢
knowledgeto be invoked automatically during proof.
strip _tac processeghe conclusionof the current goal

When new assumptions are created, by strip _tac or otherwise, they are normally stripp ed
before being erntered into the assumption list.

Stripping of assumptionsis di erent from stripping of conclusions.

7.1.1 Stripping Conclusions

There are three logical constructs whose behaviour is built in, becausethe required behaviour is
more complex than simply transforming the conclusionitself.

conjunctions

are built in becausethe stripping of a conjunction is required to produce a split into two
subgoals.

implications

are built in becausestripping an implication causesthe left hand side of the implication to be
made into a new assumption.

universals

are built in becausethough the processingof a universalresultsin its elimination by skolemisa-
tion, this e ect is not obtainable by an equational transformation (becausethe new conclusion
is not logically equivalent to the old).

discharge
nally , a number of cheds are built in which may result in the discharge of the subgoal

The e ect of stripping the conclusionof the current goal is therefore as follows:

1. apply conclusionstripping conversionsfrom proof context

2. if no corversion applies then attempt one of the following:
(@) :

‘ 2?7 8 Pxz===> 17 P X0
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(b) :
| 1?2 P1A P2 === >
| 2?2 Pl and ::? P2 (two sulgaals)
() :
| 2?7 Pl) P2 === >
| strip_asm_tac(P1); :: ?° P2

3. then ched if:

(&) conclusionof the goalis pTq
(b) conclusionis in the assumptions

if so, prove the result

The following transformations on conclusionsconcerningthe predicate calculus, though not built in
to the action of the stripping facilities, are preser in almost all proof contexts:

equivalencestatemerts are transformed to conjunctions
disjunctions are transformed into implications

negationsare pushedin over any logical construct using de-Morganslaws and double negations
are cancelled

7.1.2 Stripping Assumptions

Like the stripping of conclusions,the stripping of assumptionshas a number of actions built in, as
well asapplying transformations from the current proof context. Unlik e the stripping of conclusions,
the norm is to completely strip an assumption prior to adding it into the assumptions,rather than
to transform assumptionsone step at a time.

In summary the built in e ects of assumption stripping are:

conjunctions
are brokenin to two parts ead of which is treated as a separateassumption

disjunctions

give rise to casesplits, ead resulting subgoal having just one side of the disjunction stripp ed
into its assumptions

existertials

are eliminated by skolemisation

chedks

a set of cheds (not the sameasthe onesusedwhen stripping conclusions)is made which may
result in discharge of the subgoal

More preciselythe algorithm is as follows:

¢ Lemma 1 Ltd. 2000 PPT ex-2.7.6 - HOL Tutorial Notes USRO013



68 Chapter 7. PREDICA TE CALCULUS

1. Repeat the following transformations until no further changesoccur:

(a) : apply assumption stripping conversionsfrom proof corntext
(b) :

‘ OXx Px ' ?2u===> P x0 2

() :

| PL_P2 ?:===>
| P1 " ?: and P2 *?: (two sulmyaals)

| P1LA P2 ?2:5===>
| P1; P2 " ?: (two assumptions
2. then for ead resulting assumption, ched if:

(a) assumption= pFq
(b) assumption= concl
(c) contradicts an existing assumption

if so, prove the result.
3. alsoched if:

(a) assumption= pTq
(b) is sameas an existing assumption

if so, discard the assumption.
Con gured transformations for assumptionsconcerningthe predicate caculusare:

equivalencestatemerts are transformed to conjunctions
implications are transformed to disjunctions

negationsare pushedin over any logical construct using demorganslaws and double negations
are cancelled

You should now be able to attempt the exercisesin section13.7.

7.2 Rewriting

A large amount of the power of ProofPower comesfrom its general purposerewriting facilities.
These are primarily usedto transform the conclusionof the current goal using universal equations
which are automatically instantiated to valueswhich enablethe conclusionto be rewritten (where
possible). The facility is more general and powerful than can be achieved simply by application
of a nite set of generalisedequations. Arbitary algorithms which yield equational results can be
invoked during the rewriting process,permitting simpli cations which would not otherwise have been
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possible. For example,in most contexts rewriting peformsbeta-reduction automatically whenewer an
application of a lambda-abstraction is found, even though beta-reduction is a rule which cannot be
expressedasa theoremevenin higher order logic (other than by stepping up into the metalanguage).

Becausethe reasoninginvolved in rewriting is equational it is applicable in seweral di erent ways,
hencethe rewriting facilities are available not only as TACTIC s but also as conversionsand rules.
In addition, the facilities provide for two distinct strategiesfor traversingthe TERM under transfor-
mation, (the occurrenceof once in the name of the function indicating a strategy intendedto prevernt
looping). Finally, the clauseswhich are usedin the rewriting processwill normally include a set of
defaults determined by the current proof context to be applied, in addition to the clausesderived
from theoremssupplied as parametersto the function.

8 conv
rule

> tac
thm_tac

[pure _][once_][asm _Jrewrite _

8
< conv(= TERM > THM)
:THM list > THM > THM
" TACTIC

:THM > TACTIC
rewrites the term, theorem or goal using:
cornversionsin proof context (unless pure)

assumptions(if asm but not conv) (after context sensitive pre-processing)

theoremsin THM list (or THM ) parameter (after context sensitive pre-processing)

Rewriting continuesuntil no more rewrites are possible (unlessonce).

You should now be able to attempt the exercisesin sections13.5and 13.6.

7.3 Forward Chaining

Facilities for forw ard chaining consistof a group of tactics for reasoningforward from the assump-
tions. Theseare basedon a rule, fc_rule , which usesa list of implications to generatea list of new
theoremsfrom a list of \seed" theorems. The arguments to fc_rule are two lists:

Implications
a list of theoremswhich are implications (possibly universally quanti ed), e.g.:

| [ 1 8x1x2:: A1) By, ]

Seds
a list of theoremsto be matched against the antecederts of the implications, e.g:

‘ [ 1 c1; ]
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For eadh implication, ~ 8x1 x2 ::: A) B and for eat seed’ c, fc_rule determineswhether A can
be specialisedto give ¢ and if soit includesthe corresponding specialisation of B in its result.

For example:

SML

(fc_rule : THM list > THM list > THM list)

[asm_rule p8x x > 10) P xq;
asm_rule p8y y < 10) Q yq]

[prove_rule [] pl101 > 10q;
prove_rule [] p4 < 10q];

Pro ofP ower Output

valit = [8y y<10) Qy Q 4;
8x x>10) P x P 101]: THM list

In practice, rather than fc_rule one of the forward chaining tactics is more likely to be used.

The forward chaining TACTIC s are:

[all .][asm_]fc _tac

[all _][asm _]forw ard _chain _tac

All thesefunctions have type:
THM list > TACTIC

The asm_ variants take the implications from their the argumert together with the assumptions.
Other variants just uselist given asargumert asimplications. In all casesthe seedsare the assump-
tions.

The variants without all _ take one passover the seedsfor ead implication. Variants with all - add
any new implications to the list of implications and loop until no new results can be generated.

New theorems deducedby these tactics are stripped into the assumptions. The all _ variants only
strip in theoremswhich are not themselvesimplications.
For example:

SML

‘set_gcal([]; pBabcda bbb c¢c”~c d) a dog),

|a(REPEAT strip _tac);

Pro ofP ower Output
( 3 ) pa bq
(2 ) pb cq
(1) pc dq

(7 ) pa dg
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SML

|a(fc_tac[ _trans_thm]);

Pro ofP ower Output

( 6 ) pa bqg
( 5 ) pb cq
( 4 ) pc dg
( 3 )pd8n b n) a nq
( 2 )pd8n c n) b nq
(1 )pd8n d n) c nq
(7 ) pa dg

SML

‘a(all —asm_fc_tac[] THEN all _asm_fc_tac[]);
Pro ofP ower Output
| Tactic produced O sulgaals:

|Current and main gaal achieve

Many useful properties are naturally formulated as universally quanti ed implications:

| -trans _thm 8min m i”i n) m n
‘Iess_trans_thm "8min m<ifi<n) m<n
Imod _less_thm *8mn 0<n) mModn<n

Forward chaining saveshaving to specialisesuch facts explicitly .

A function, fc_canon, is usedby the forward chaining TACTIC s to generateimplications from the
argumerts to the forward chaining.

For examplethe theorems:

f(a~B)_C
"8min m ici n) m n

are treated as:

":B) :C)F
"t A) 1 C) F
"8nimm i) i n) :m n)F

The ) F' part produced by fc_canon is simpli ed away when the new theorem is stripp ed into the
assumptions.

The new theorems stripped into the assumptions are made as general as possible by universally
guartifying them over any free variables which do not appear in the goal.
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7.4 More Predicate Calculus Tactics

7.4.1 strip _asm_tac

strip _asm _tac strips atheoreminto the assumptionsin the sameway that strip _tac addsnew
assumptions

T actic

f gt strip _asm_tac
fstrip c; gt (o

a casesplit results if the conclusionof the theorem is a disjunction

namesending in _casesthm indicate theorems designedfor use with strip _asm_tac for case

splits:
IN_cases_thm 8m m=0_(9i m=1i+ 1)
‘Iess_cases_thm "8mn m<n_m=n_n<m

use[list _]8_elim to specialisethe _casesthm
strip _asm_tac: example
SML

|set_geal([]; p(if x = O then 1 elsex) > 0q);

SML

|8_elim pxq N_cases thm;

Pro ofP ower Output

valit = x=0_(9i x=i+1):THM

SML

‘a(strip _asm_tac(8_elim pxq N_casesthm));

Pro ofP ower Output

( Goal "2" )
(1) px=1i+ 1q
(? ) p(if x =0 then 1 elsex) > 0q
( Goal "1" )

(1) px=0q

(72 )p(if x=0then1 elsex) > 0q
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7.4.2 cases.tac

cases_tac pcq lets you reasonby casesaccordingto whether a chosencondition pcq is true or
false:

T actic

f gt
fstrip c; gt;
fstrip :c; gt

casestac pc:BOOL(q

| casestac pc:BOOL(

is e ectiv ely the sameas:

‘strip_asm_tac(S_eIim pc:BOOL(q (prove_rule [] p8b b _ : bq));

but it's lessto type and quicker.
casestac: example
SML

set.gaal([]; p(if x <y + 1 then x elsey) < y + 10);

SML

‘a(casestac px <y + 10q);

Pro ofP ower Output

( Goal "2" )

(1) p x<y+lq

(7?7 ) p(if x<y+ 1thenxelsey) <y + 1q
( Goal "1" )

(1) px<y+lq

(7?7 ) p(if x<y+ 1thenxelsey)<y+ 1q

7.4.3 swap_asm_concl _tac

swap _asm_concl _tac lets you interchange (the negations) of an assumptionand a conclusion

T actic

f ;tlgt2 swap.asm_concl_tac
fstrip : t2; g:tl ptlq

Often usedto rewrite one assumptionwith another

Also useful when the conclusionis a negated equation
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swap.asm_concl_tac: example
SML

set.gal([l; p(8x y x y) P(xy) *x=y) P(xy)q);
|a(strip tac);

Pro ofP ower Output
(2 ) p8xy x y) P(xy)q
(1) px=yqg

(7 ) pP (x;y)q

Pro ofP ower Output

SML

|a(list _spec_nth_asm_tac 2 [pxg; pyd]);

Pro ofP ower Output

( 3 ) p8xy x y) P(x5y)q
(2 ) px=yq

( 1) p x yq

(7 ) pP (x;¥)

SML

‘a(swapasm_concl_tac p: X yq);

Pro ofP ower Output

( 3 ) pPdxy x y) P(Xydq
(2 ) px=yq

( 1) p P(Xy)

(7 ) px yqg

7.4.4 lemma _tac

lemma _tac lets you state and prove an “in-line' lemma

Tactic

f goonc lemma_tac

f glemma; plemmaq
fstrip lemma; g conc

Givesa more natural feelto many proofs
If just onetactic will prove the lemmathen THEN1 is a conveniert way of applying it

tacl THEN1 tac2 rst appliestacl and then appliestac2 to the rst resulting subgoal
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lemma_tac: example
SML
|set_gal([]; p(8x y x
|a(strip tac);

Pro ofP ower Output
C 2) p8xy x
(1) px=yqg

(7 ) pP (x;y)q

SML

|a(lemma_tacpx  yq);

Pro ofP ower Output

( Goal "2"
( 3 ) p8xy x
( 2) px=yq
(1) px vyq

(7 ) pP (xX;¥)

( Goal "1"
(2 ) p8xy x
(1) px=yq

(7 ) px yqg

y) Pxy)*x=y) Py,

y)

)
y)

)
y)

P (x;y)q

P (x;y)q

P (x;y)q

You should now be able to attempt the exercisesin section13.10.
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Chapter 8 77

INDUCTION

Induction principles can be expressedand proven as theorems in Higher Order Logic, e.g.:

induction _thm is the usual principle of induction over the natural numbers
| “8p po A
| (8m pm) p(m+ 1))
| ) (8n pn):THM

cov_induction _thm expressesourseof valuesinduction over the natural numbers

| "8p (8Bn (8m m<n) pm)) pn)
| ) (8n pn):THM

list _induction _thm is the principle of structural induction over lists

| “8ppln
| (8list plist) (8x p (Consx list)))
| ) (8 list p list) : THM

Using 8_elim and all - _rule thesecan be specialisedfor usein forward proofs, howewer, in practice
induction principles are normally usedvia induction tactics.

8.1 Induction Tactics

Special tactics are available to facilitate the use of induction principles:

In the following descriptions of tactics the notation expressingthe e ect of the tactic shaws the goal
at the point of applying the tactic above a double horizontal line. To the right of the line is the tactic
employed together with any parameters,and below the line the resulting subgoalsare described.

Goalsare expressedaslists of assumptionsenclosedn setbrackets (suggestingthat for many purposes
the assumptionsbehave lik e a set) followed by the conclusion. Often thesewill involve meta-variables,
though in theseinformal presenations there is no systematic way of distinguishing meta-variables
from object languagevariables.

The notation “stripfa, Ag' meansthe set of assumptionsarising from stripping the new assumption
‘a' into the list of assumptions "A'. Since this processmay result in any number of subgoalsthe
number of subgoalsvisible below the double line indicates only the number which would arise if no
casesplits or goal accomplishmens occur during stripping.

If more than one goal is shavn below the line they are separatedby semicolons.
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8.2

induction over natural numbers using induction _tac

f gt
f  gt[0=]; stripft; g t[x+1=x]

induction _tac pxq

This tactic supports proof by induction over the natural numbers. It takesas a parameter a
term which should be a variable of type p:Ng which occursfreein the conclusionof the current
goal (but not freein the assumptions). Two subgoalswould typically arise,corresponding to the
basecaseand the induction step. The basecaseis arrived at by substituting pOq for the variable
supplied asparameter, in the conclusionof the original goal, without changingthe assumptions.
The step caseis obtained by stripping the original conclusioninto the assumptionsreplacing
the conclusion by the term resulting from substituting the induction variable +1 (px + 1q)
into the original conclusion.

induction over natural numbers using cov _induction _tac

f gt
stripfp8m m < x ) t[m=x]qg; gt

cov_induction _tac pxq

Course of valuesinduction has a strong feel of getting something for nothing. Applied under
similar circumstancesasthe standard natural number induction tactic, the resulting subgoalhas
the sameconclusionasthe original goal, but oneextra premiseis stripp edinto the assumptions.
The extra premiseis that for all valueslessthan the value of the induction variable the original
conclusionis true.

for induction over lists list _induction _tac may be used

f gt

_ list _induction _tac pxq
f g t[[]=x]; stripft; g t[Cons h x=x]

In the caseof induction over lists the basecasesubgoalis obtained by substituting the empty
list for the induction variable, while the step caseinvolvessubstitution for the induction variable
of the non-empty list formed by adding a value denoted by a new variable onto the front of the
list denoted by the induction variable.

for other kinds of induction gen_induction _tac may be useful

SML

gen_induction _tac : THM > TERM > TACTIC;

This function is takesasits rst parameter a theorem expressingan induction principle (e.qg.
induction_thm, list_induction_thm), and returns an induction tactic using that principle. This
is a quick way of getting a TACTIC from a new induction principle which the user may have
proved. For full details seetheProofPower Reference Manual [20].

Induction Example

The theory of lists contains few theorems, but most of the results neededare simple to prove by
induction.

The following example is a proof of the assaiativit y of append, further examplesare found in the
exercises.
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First we set the goal, a universally quarti ed statement of the assaiativit y of the append operator
p$@y, then immediately we strip the goal, discarding the universal quarti ers.

SML
set_gaal([];p8I1 12 13:% LIST
1 @2) @13 =11 @(12 @13)0q);
( remove universal quantiers )
a (REPEAT strip _tac);

Pro ofP ower output

( Goal ™ )

(7 ) pll @R2)@I13=11 @12 @13q

We now proceedby induction on pllq

SML

|a (list _induction _tac pl1q);

Pro ofP ower output

( Goal "2" )
( 1) p(l @2) @13 =11 @12 @13q

(7?7 ) p8x (Consx Il @12) @I3
= Consx Il @12 @I13q

( Goal "1 )

(7 ) el @2)@8=[]@I2@I3q

The basecaseis solved simply by rewriting with the de nition of append:

SML

|a (rewrite_tac [append_def]);

Pro ofP ower output

Tactic produced 0 sulgaals:
Current gaal achievel; next gaal is:

( Goal "2" )
( 1) pll @2) @13 =11 @12 @13q

(7?7 ) p8x (Consx Il @I2) @I3
= Consx Il @2 @I13q

In the step casethe induction assumptionhasto be used,and we therefore rewrite with the assump-
tions aswell asthe de nition of append.
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SML
‘a (asm_rewrite _tac [append_def]);
|val append_ass@_thm = pop_thm();

Pro ofP ower output

| Tactic produced O sulpaals:

|Current and main gaal achievel

val append _assoc_thm =

‘ T8I11213 (1 @2) @13 =11 @12 @I3 : THM

Finally the value of the theorem has beenbound to the ML name append.ass@_thm.

You should now be able to attempt the exercisesin section 13.8.

¢ Lemma 1 Ltd. 2000 PPT ex-2.7.6 - HOL Tutorial Notes USRO013



Chapter 9 81

TACTICALs AND OTHER ‘ALS

A TACTICAL is a function which computesa TACTIC usually taking one or more TACTIC s as
arguments. The sux "AL' follows mathematical usagein calling a function which operates over
functions a functional.

There are many other kinds of higher order functions in ProofPower which greatly enhanceproduc-
tivit y in developing new proof facilities.

At avery elemenary level programming TACTIC s using TACTICAL s occursthrougout proof work.
At ead stepin a proof using the subgoal packagean ML expressionis presened for application to
the current goal. TACTICAL s are very often usedin a very simple way to compute the TACTIC to
be applied.

More complexand sophisticatedtactical programming may be usedto make small or large extensions
to the automatic proof capabilities of the system.

TACTICAL s may be usedto conbine the available tactics.
Expressionsusing TACTICAL s may be useddirectly in proofs, e.g.:

a (REPEAT strip _tac);

named tactics may be de ned using TACTICAL s:

SML

val repeat_strip _tac = REPEAT strip _tac;

TACTICAL s may be usedto de ne parameterisedtactics:

SML
‘ fun list _induct _tac t = REPEAT strip _tac
‘ THEN list _induction _tac t;

TACTICAL susually have capitalised namesendingin _T, though the most common(e.g. REPEAT,
THEN) have aliasesomitting the _T. This facilitates identi cation of the full range of TACTICAL s
supplied with ProofPower since their namesare all collected together under _T in the KWIC index
to the referencemanual.

As well asTACTICAL s many other higher order functions are available for programming extensions
to the systemsproof capability:

Among these are conversional s (ending with _C) which are used to compute conversions,
THM _TACTICAL s (ending with _.THEN ) which compute THM _TACTIC s from THM _TAC-
TIC s,and THM _TACTICAL combinator s (ending with _TTCL ) which compute THM _TAC-
TICAL s from THM _TACTICAL s.
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9.1 Commonly used TACTICAL s

REPEA T - takesa tactic and returns a tactic which repeatsthat tactic until it fails.
If goal splits occur the REPEATIing cortinueson all subgoals.

THEN - aninx tactical which composestwo tactics together. The secondtactic is applied
to all subgoalsarising from the rst tactic. If any applications of the operand tactics fail then
the resulting tactic fails.

ORELSE - aninx tactical which attempts to apply its rst argumert, and if this fails applies
its secondargumert. If both argumerts fail then the resulting tactic fails.

TRY - atactical taking one argumert which will attempt to do the TACTIC which is its
argumert and will do nothing (but succeed!)if its argumert tactic fails.

THEN _TRY - variant on THEN which doesnot fail even if the secondtactic fails.
tl THEN_TRY t2 = t1 THEN (TRY t2)

9.2 Pro cessing of \New" Assumptions

Tactics which add new assumptionsnormally do so using strip _asm_tac.
E.g., strip _tac, casestac, lemma_tac work like this.

Howewer, there are many alternativ e things which you might want to do with the result instead of
than stripping it into the assumptions. Sometimes,the stripping causesmore casesplitting than is
desirable, you may wish to add the assumption without stripping it. Alternativ ely you may wish to
perform other transformations before adding the result into the assumptions.

To give this kind of exibilit y most TACTIC s which normally strip in new assumptionshave corre-
sponding TACTICAL s which will operate on a THM _TACTIC (which takesa theorem and yields
a TACTIC) to give a new TACTIC . The new tactic performs the samefunction asthe rst tac-
tic, exceptthat instead of stripping in new assumptionsit passesthem to the THM _TACTIC for
processing.

If xxx_tac is a TACTIC which creates new assumptions, then often XXX _T is a corresponding
TACTICAL which allows the userto selecthow the results (which xxx_tac would have addedto the
assumptions) are processed.

For example, casestac c is the sameas CASES_T c strip_asm_tac, where:
SML
|cases tac : TERM > TACTIC ;
ICASES .T :TERM > (THM > TACTIC) > TACTIC;
|strip_asm_tac : (THM > TACTIC );

If the new assumptionsarising from an application of casestac were neededto do a single rewrite
of the conclusionsthen this could be done without adding them to the assumptionsusing: CASES_
T rewrite_thm_tac. You needto be sure you will not needthe assumptionsagain before using this
technique. It's safein exampleslike the following:

SML

‘set_gcal([]; p(if x <y + 1thenx elsey) <y + 1Q);

|a(CASES_T px <y + 1q rewrite_thm _tac);
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Pro ofP ower Output

| Tactic produced O sulgaals:
‘Current and main gaal achieveal

where the tactic nishes (a branch of) the proof.

Another occasionally useful THM > TACTIC is ante_tac, which placesits THM argumert into
the left of an implication in the new conclusion, of which the previous conclusionis the right hand
side. This is like the inverseof stripping an implication and can be usedto place an assumptionin
the conclusionfor rewriting or automatic proof.

You should now be able to attempt the exercisesn section 13.9.
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PROOF CONTEXTS

10.1 Intro duction

The behaviour of the proof facilities provided in ProofPower has been made “cortext sensitive' in
order that:

When the usershifts from using onespeci cation languageto another the behaviour of the proof
facilities changesin ways appropriate to the languagein which reasoningis being conducted.

Knowledge about various theories or problem domains can be applied automatically, in ap-
propriate contexts, reducing the burden on the user to identify appropriate results from the
relevant theories.

This is achieved by making many of the proof facilities (TACTIC s etc.) sensitive the valuesheld in
the current pro of context , and by supplying a collection of proof contexts in which the user can
choseto conduct his proofs, as well as facilities for building new proof contexts.

A proof context is therefore a named collection of settings of (implicit) parametersfor many of the
tactics, conversions,rules etc.

Proof contexts are usedto customisemany parts of the systemincluding:

stripping (strip _tac, strip _asm_tac etc.)
rewriting (rewrite_tac etc.)

forward chaining (fc_tac, asm fc_tac, all_fc_tac)

Each proof context also contains some ‘automatic' provers, which will attempt to solve problemsin
the domain for which they have beenconstructed.

for generalpurposeautomatic proof: prove_tac attempts to prove the conclusionof the current
goal without using the assumptions,asm_prove_tac attempts such a proof making use of the
assumptionsof the current goal.

for automatic existence proof prove_9_tac is provided. This is used whenewer a constart is
speci ed using const_spec or a HOLCONST paragraph to attempt to prove the consistency
of the speci cation, and is useful for useinteractively in proving existertially quanti ed goals.
Where a constart speci cation hasnot beenproven automatically, manual application of prove_
9_tac often greatly simpli es the manual proof.

Each proof context is ass@iated with somepatrticular theory which must be in scope when the proof
context is in use.
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Someproof contexts recommendedfor everyday use,together with the name of the relevant theory,
are:

predicate calculus predicates
sets sets_extl
above + lists etc. hol2, hol

The function get_pcs may be usedto list the namesof all the proof contexts currently available
together with the name of theory ead proof context is assaiated with.

Proof cortexts with namesbeginning with © are component proof contexts. These are intended for
usein conjunction with others. Nameswithout ©are complete proof contexts suitable for useon their
own. The simplest way to create a new proof context is to create a component context cortaining
only the new material and then mergethat with other existing proof contexts to give the complete
range of coveragerequired.

10.2 Using Pro of Contexts

The simplest way to usea proof context is to setthe proof context using set pc or push_pc:
SML
|set_pc :string > unit;
|push _pc :string > unit;

Each of these takes a single string parameter which is the name of the proof context which is to
becomethe current proof context. Thenceforth all TACTIC s which make use of the proof context
will refer to the identi ed proof context, until the proof context is changedagain. The proof context
identied must be assaiated with a theory which is currently in scope.

The push variant operates on a stadk of proof contexts, the current context being the one at the
top of the stack, and is therefore useful if a temporary change of context is required, permitting the
previous context to be restored using pop_pc.

SML

pop_pc S unit > unit;
It is also possibleto make local switches of proof context, perhapsfor just one tactic, cornversion or
rule.

Among the facilities supporting this kind of cortext switching are:

SML

PC_T . string > TACTIC > TACTIC;

PC_T1 csting > (% > TACTIC) > % > TACTIC;

PC _C :string > CONV > CONV;

PC_C1 string > (% > CONV) > % > CONV;

pc_rule string > (% > THM) > % > THM;

pc_rulel csting > (B >%9 >THM) >% > & > THM;

Note here that the variants ending with “1' here are variants suitable for use with parameterised
TACTICS, conversionsor rules. These are neededwhere the parameterised function accesseshe
current proof context when it is suppliedits rst argumert.
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For example,to do a rewrite in a di erent proof context than the current context the following, will

not su ce:
SML

|a (PC_T "lin _arith" (rewrite_tac[]));

even though this will be acceptedand will do somerewriting. This is becausethe subexpression
(rewrite_tac[]) (intended to rewrite using only the default rewrite corversionsin the current proof
context) is evaluated rst, in the current proof context, to yield a TACTIC . At this stage rewrite_
tac has already made use of the current proof context in preprocessingthe theorems to be used for
rewriting, and has accessedhe default rewriting corversionsin the proof context. The resulting
TACTIC is then applied in proof context "lin _arith" but is no longer context sensitive.

The correct way to rewrite in a speci ¢ proof context is:

SML

|a (PC_T1 "lin _arith" rewrite_tac []);

in which casePC_T1 arrangesfor the proof context to be switched before rewrite_tac is applied to
its rst argumert.

It is also possibleto combine the contents of more than one of the available proof contexts using
proof context merge facilities.

SML
‘set_merge _pcs : string list > unit;
‘MER GE _PCS_T :string list > TACTIC > TACTIC;

which behave in a similar mannerto their non-mergeversion, but accepta list of proof context names
instead of a single name, and combine the contexts together to form the new current proof context.

print _status may be usedto discover which proof context is current.

SML

‘prin t _status Junit > unit;

10.2.1 What's in the proof contexts?

We now show one or two examplesof the e ects of someof the commonly used proof contexts.

Proof contexts which have the atom “ext' in their name are usually contexts which apply the rule of
extensionality of setsby default. Depending on what you are trying to prove this may either enable
a rapid discharge of the goal (e.g. if the goal is a result of elemenary set theory) or may cause
confusionby expanding things which are not appropriate. It is therefore usefulto get a feel for when
extensional reasoningis likely to be helpful.

An example of the e ect of using extensionality is:
SML

PC_C1 "sets_extl" rewrite_conv[]
pf(1;2)g f(x;y)ix+1 yg_4>5q

Pro ofP ower Output:

valit =~ f(1;2)g f(x;y)jx+1 vyg_4>5

, (Bx1lx2 (x1;x2)=(1;2)) x1+1 x2)
_4>5:THM
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Not all proof contexts which contain these rules do have the “ext' atom, the most frequently used
extensional context without it is "hol2 ', which combines a knowledge of most of the theories which
are ancestorsof the theory “hol' with a propensity for extensionalreasoning. This meansthat there
are a lot of elemenary results which this cortext will solve automatically, but for lesselemenary
results it may be too aggressie and causethe goal to becomecomplicated and di cult to relate to
the original problem.

SML

‘PC_Cl "hol2" rewrite_conv[] pf(1; 2)g f(x;y)jx+ 1 yg_ 4> 5q

Pro ofP ower Output:
valit = f(1;2)g f(x;y)ix+1 yg_4>5
| , (8X1x2 x1=17x2=2) x1+1 x2):THM

SML

|PC_C1 "hol2" rewrite_conv[]pA\ A  Bg;

Pro ofP ower Output:

valit =" AV A B, (8x x2A) x2B):THM

SML

|[PC_C1 "hol" rewrite_conv[JpA \ A  Bg;

Pro ofP ower Output:

‘Valit=‘A\A B, A B :THM

10.3 Automatic Pro of Pro cedures

To encouragethe developmen of domain speci ¢ automatic proof TACTIC s, which are capable of
solving a useful collection of problems using domain speci ¢ techniques the proof contexts have a
place for sucdh TACTIC s.

This provides a uniform interface to automatic proof TACTIC s reducing the tendency for sud
domain speci ¢ proof automation to causeewvery greater complexity in the userinterface. A good
example of the provision of this kind of facility is the provision of linear arithmetic. Though the
linear arithmetic padkageis a complex pacage, a large part of its functionality is made available to
the userthrough existing procedural interfaces. If the user selectsthe lin _arith proof context then
the standard rewriting facilities will perform normalisation operations on the operandsof arithmetic
relations, and prove_tac will solve goalswhoseconclusionsare terms in linear arithmetic.

The automatic proof facilities in the current proof context may be accessedby the useof the following
three functions:

SML

prove_tac : THM list > TACTIC ;

when the conclusionof a goal is automatically provable on its own

¢ Lemma 1 Ltd. 2000 PPT ex-2.7.6 - HOL Tutorial Notes USRO013



10.4. Linear Arithmetic 89

SML

asm_prove_tac : THM list > TACTIC;

when the goal is automatically provable using the assumptions

SML

prove_rule : THM list > TERM > THM;

to state and prove a conjecture automatically

If you merge se\eral proof contexts, the \ prove_tac" comesfrom the last onein the list.

Many proof contexts cortain basic_prove_tac. It usesrewriting, a simple heuristic for eliminating
eqguationsinvolving variables, and a few stepsof rst-order resolution.

As seenwith the theorems from PM and ZRM (in the "easyproof' exercises,section 13.1), this is
useful for simple predicate calculus theorems and for elemenary facts about sets.

For example:
SML

‘prove_rule Op9x x) _ Oy vy), (92 z 2)q;

‘prove_rule [pBaba b~rb a, a= bq;

Pro ofP ower Output
valit = (9x  x)_ 9y y), (9z z_ z):THM
‘valit=‘8aba bAb a, a=b:THM

10.4 Linear Arithmetic

Proof context lin _arith corntains an automatic proof procedurefor linear arithmetic
This is useful for many simple arithmetic problems.

For example:
SML

‘pc_rulel "lin _arith" prove_rule[f[pa b"a+ b<c+ a) ac<cq

Pro ofP ower Output

valit =" a bra+b<c+a) a<c:THM
“linear arithmetic' meansterms built up from:

\A toms" (numeric literals, variables of type N, etc.)
Multiplication by numeric literals
Addition, =, , ,<,>

Logical operators
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Soall the following are terms of linear arithmetic:

Bac (9ba b~r:b<c)) a c
Babca+2b<2a) b+b<a
Bxy : (2x+y=47r4x+2y=7)

Rewriting/stripping in lin _arith processeswumeric relations by \m ultiplying out and collecting like
terms"as follows.

SML

‘pc_rulel “lin _arith ™ rewrite_conv[]

| pi+ ) G+1) Ji+iq

Pro ofP ower Output
valit = (i+j) (G+i) | j+j
| , 0 i +2 0 ) j:THM

i i, | andj arethen treated asatoms, sothis proof context solvesproblemsa little more general
than \strict" linear arithmetic.

(a<1+2DbM"4b<2a)

is proved thus:

if (@8] a 2 b

and (2) 4 b+1 2 a

then 2*(1) +(2) 2 a+4 b+1 2 a+4 b
whence 1 0

whence CONTRADICTION

You should now be able to attempt the exercisesin section 13.12 (other exercisesinvolving linear
arithmetic may be found in sections13.14and 13.15).
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CASE STUD Y: VENDING MA CHINE

11.1 Vending Machine Speci cation

The following paragraphsgive a model of a simple vending macdhine:
SML
‘(open_theory "usr013" handle _ => (open_theory "hol"; new_theory "usr013"));
‘set_pc "hol2";

The state of the vending macdine is de ned as a labelled record type VM _State by the following
paragraph:
HOL Lab elled Pro duct
— VM _State
takings
sto ck
price
cash_tendered

z2zzZz

The labelled record type paragraph declaresthe following projection functions:

Pro jection Functions

|takings : VM _State! N
|stock : VM _State ! N
|price : VM _State ! N

‘cash_tendered VM _State! N

If st is a state value, takingsst is like st:takings in Z or Pascalor Ada.

This paragraph also introducesa constructor function:

Constructor ~ Function

MkVM _State NI NI N!' NI VM _State

If t, s, p, and ct are numbers, MkVM _Statet spct is a state value with those numbers as its
componerts.

The following paragraph intro ducesa new constart vm which is a functional model of the behaviour
of the vending machine.
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HOL Constan t

vm : VM _State! VM _State

8st vm st
= if stock st = 0
then MkKVM _State
(takings st) (stack st) (price st) 0
else if cash_tendered st < price st
then st
else if cash_tendered st = price st
then MkVM _State
(takings st + cash_tendered st)
(stock st 1) (price st) O
else  MkVM _State
(takings st) (stock st) (price st) 0

We can use ProofPower to “test' or “animate' the behaviour of the vending machine model using the
ProofPower rewriting facilities.
The following conversion may be usedfor animating vm:

SML

‘val run _vm = rewrite_conv [get_spec pvmg; get_spec pMkVM _Stateq];

Pro ofP ower Output

‘val run_vm = fn : CONV

The behaviour of the vending machine can now beillustrated by executingrun_vm on various vending
machine states.

SML
run_vm pvm (MkVM _State 0 20 5 5)q;
run_vm pvm (MkVM _State t 20 5 5)q;

Pro ofP ower Output

val it = ° vm (MkVM _State 0 20 5 5)
= MkVM _State 5 19 5 0 : THM

val it = ° vm (MKVM _Statet 20 5 5)
= MkVM _State (t + 5) 195 0 : THM

Note that the secondtest caseabove is e ectiv ely doing symlolic execution.

11.2 Vending Machine Critical Requiremen ts

The critical requiremert might be informally stated as:

\No transaction of the vending machine causesthe machine's owner to lose money".
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We formalise this by specifying the set of transition functions which never reduce the value of the
madhine's corntents.

The value of a state is computed by the following function.

HOL Constan t

value : VM _State! N

|
| - -
8 st value st = takings st + stock st price st

The set of machines satisfying the critical requiremert is then:

HOL Constan t

vm _ok : (VM _State! VM _State) SET

vm_ok
= f trf
i 8cb s p ct

let sl = MkVM _State cb s p ct
in let s2 = trf sl
in value s2  value slg

You should now be able to attempt the exercisesin section13.13.
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PROOF STRA TEGY

A large application proof may take seweral man yearsof e ort to complete.

Top level proof strategy for large proofs must be carefully thought out. Major lemmas are best
proven separately stored in the theory, and combined in a top level proof delivering the required
result. Exploration may be forwards or backwards.

Lemmas of moderate size may be proven using the goal padkage. Sud a proof would consist of a
combination of stripping, rewriting with de nitions, assumptionsand previously proven results, and
other usesof previous results.

12.1 What to do when faced with a Goal
Sanity Cheds:

Decide whether the goal is true, if not, don't try to prove it!
Decide whether the conclusionis relevant (are the assumptionsinconsistert?).
Do you seewhat the goal means?If not, can you simplify it.

If all elsefails, try retracing your steps.
Main Choices

Decomposeby stripping or cortradiction (strip _tac, contr _tac)
Work forwards from assumptions(e.g. spec_asm_tac, fc_tac)
Do a casesplit (strip _asm_tac, casestac)

Swap the conclusionwith an assumption (swap.asm_concl _tac)
Prove a lemma (lemma_tac)

Prove automatically (e.g. asm_prove_tac, prove_9_tac)
Transform the conclusionby rewriting (e.g. with a de nition)

Induction (::: _induction _tac)

You should now be able to attempt the exercisesin sections13.14and 13.15.
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Chapter 13 97

EXER CISES

This Chapter contains the exercisesset for studernts on the last short courseon ProofPower-HOL,
with the exception of the exercisein Section 13.15.

Solutions to most of these exercisesmay be found in Chapter 14.
Unlessotherwise stated the exercisesshould be conductedin proof context "hol2'.

The source of the exercisesfor use with copy-and-paste may be found in le usr022 _slides.doc
(the tutorial overheads)or usr013X.doc.

13.1 Easy Pro ofs

Set the theory and the proof context:
SML
|open_theory” hol";
‘set_pc "hol2";

Setthe goal (from the examplessupplied):

‘ set_gaal ([];pconjectureq);
Then try the following methods of proof:

Two tactic method using:

|a contr _tac; ( once )
‘a (list _spec_asm_tac pasmq [ptlq; pt2q));
‘ ( as many as necessary )

or

|a (prove_tac[]); ( once )

or

‘a step_strip _tac; ( many times )

in caseof di cult vy, revert to the two tactic method.

¢ Lemma 1 Ltd. 2000 PPT ex-2.7.6 - HOL Tutorial Notes USRO013



98 Chapter 13. EXER CISES

SML
( Results from Principia Mathematica 2 )
val PM2 =[

p( 2:02 )q) (p) ag

p( 2:03 )(p) : @) (@) : pP)g

p( 215 )¢ p) o)) ¢ a) pg

p( 2:16 )(p) @) ¢ d) : p)g

p( 217 )¢ q) :p) (P) g

p( 2:04 )(P) q9) r)) (@) p) na
p( 2:05 )(q) r)) (p) @) () na;
p( 2:06 )(p) @) (@) r)) (p) na;
p( 2:08 )p) pg

p( 2:21 ): p) (p) ad;

( Results from Principia Mathematica 3 )

val PM3 =]

301 )pprq, :(p_: aQq

32 )pp) 9) p”qog;

3:26 )pp " d) pa;

3:27 )pp "™ q) qg;

33 )p(prqg) r)) (p) a) na;
331 )p(p) q) r)) (P a) ng
335 )p(p™ (P) @) 4ag

343 )p(p) 9 () r)) (P) a”na
345 )p(p) 9) (P"r) a”ng

347 )p(p) " @) s)) (Praq) r”s)d;

e T N N T T N N N N

( Results from Principia Mathematica 4 )
val PM4 =]

41 )pp) 9, Q) @ pa

411 )p(p, a9, ¢ p, @ Qg

4:13 Ypp, @ pq

42 )pp, pg;

421 )p(p, a9, (@, pa

422 Yp(p, )™ (a, r)) (p, nNa
4:24 )pp, p”" pa

4:25 )pp, p_ pa

43 )pp”™d, g” pg;

431 )pp_4q, q_ pg

433 )p(pra)rr, pr(q” g

44 Jppr(@_r), (pra)_(P" g
441 Ypp_(@”r)y, (p_a " (p_na
471 )p(p) a), (P, (" A)g;

473 )pa) (p, (p™ a)d;

AN AN AN A A A A A A A AN A A A/
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(' Results from Principia Mathematica 5 )

val PM5 =[

(51 )pp~a) (p, )

(532 )p(p) (@, r)) (P*ad, (P"r)g
(56 )p(p™:q) r)) (p) (a_r)d;

( Denitions from Principia Mathematica 9 )

val PM9 =[

9:01 )p: B x), (9% : xq;

9:02 )p: (9x x), (8 : Xx)q;

9:03 )p(B8X x _p), (BXx Xx)_ pq;

9:04 Ypp_ (B Xx), (B p_ x)q

9:05 )p(9x x_p), (% x)_ pag

9:06 )pp _ (9% x), p_ (9% x)dl

val PM9b =[

( 9:07 )pBx x)_(9y vy), (89y x_ Yy)g
( 9:08 )p(9y y)_(@B x), (89y y_ x)d

AN AN AN AN AN

SML

( Results from Principia Mathematica 10 )

val PM10 [

( 10:01 )p9x x), : (8y : y)q

( 101 )pBx x)) vya

( 10:21 )pBx p) x), p) (8y vy

( 10:22 )pBx x"™ x), (8y y)~ (8 2)q;

( 1024 )pBx x) p), Oy Vy)) pa

( 10:27 ) pBx x) x)) ((8y vy)) (82 2z)g;
( 10:271 ) p(Bx x, x)) ((8y vy), (8z 2)g;
( 10:28 ) pBx x) x)) (9 vy)) (92 2z)g;
( 10:281 ) p(Bx x, x)) ((9y vy), (92 2)g;
( 10:35 )pOx p”* x), pr (% V)

( 1042 )px x) _ Oy vy), 9z z_ 2)q

( 105 )p(9x x”* x)) 9y y)~* (9z 2)q;

( 1051 )p:(9x x”~ x)) (8y y) : vy

( Results from Principia Mathematica 11 )
val PM11 =[
(111 ) p@Bxy (xy)) (Zw)g
(112 ) p@Bxy (xy) . 8y x (Xy)g
( 113 )pp) Bxy (X))

By p) xy)a;

( 11:332 ) pBxy (x5y)) (x¥))
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) (Bxy (xy))) (Bxy (xy)q;

(1135 )pBxy (xy)) p). (xy (xy)) pg
(11145 ) p(9xy p) (xy))

(P) (Oxy (xy)a;
(1154 )p(Oxy x”™ y), (9% x)" (9 y)g
(1155 ) p(oxy x"™ (xy))

(9x  x7™(9y (xy)a;
(116 ) p(9x 9y @y) ™ y)"™ Xx)

Gy (Ox xy)* x)"* y)a
( 11:62 )pBxy x”" (xy)) (xy))

Bx x) (8y (xy)) (xy)d
I;
( results from ZRM provable by stripping )
val ZRM1 = [
pa[ a=al[ fgq;
pa[ fg = a\ ag;
pa\ a= anfgq;
pa nfg = aq;
pa\ fg = anagq
pa na= fg nag;
pfg na = fgq;
pa[ b=Db[ aqg
pa\ b= Db\ aq;
pa[ (b[ c)=(a[ b)[ cq
pa\ (b\ c)=(a\ b)\ cq;
pa[ (b\ c)=(a[ b)\ (a[ o)g;
pa\ (b[ c)=(a\ b)[ (a\ o)q;
p(a\ b) [ (anb)= ag;
p(anb)\ b= fgq;
pan(bnc)=(anb)[ (a\ c)q;
p@nb)nc=(an([ c)g;
pa[ (bnc)=(a[ b)n(cna)g
pa\ (bnc)=(a\ b)ncq;
p@al bync=(anc)[ (bnc)
val ZRM2 = [
pan(b\ ¢)=(anb)[ (anc)q;
p: x 2 fgq;
pa aq
p: a agq
pig  aq
P, f9 fgq_;
p fg = Universeq];
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SML

( resultsfrom ZRM )

val ZRM3 = [

pa b, a2Phbqg;

pa b"b a, a=bqg;
p: (& b~™b ayq

pa b”b <c¢) a cq
pa b"b c¢c) a cq
f a, : a=fggq;
@l Cal b
T T T

p (@l bz ( a\ ( bg;
pa b) ja %bCI;
pa b) b a qJ,

13.2 HOL Theory Explorations

Find the namesof all the theories:
SML

|get_theory _names();

Print selectedtheories, e.g.:
SML

|open_theory " sets’;
|print _theory " sets";

Get the terms from the de nitions in a theory, e.g.:
SML

|open_theory "bin_rel”;
‘(map concl o map snd o get_defns) "bin_rel";

Now selectinteresting terms and take them apart using, e.g.:
SML

‘desLsimpIe_term p8r s r s=(DomsCr)[ sq

Hol Output

‘val it = App (p$8g;p r 8s r s= (DomsCr)[ sq) : DEST _SIMPLE _-TERM

SML

‘desLsimpIe_term pf1;2;39q;

Hol Output

‘val it = App (plnsert 1q; pf2; 39q) : DEST _SIMPLE _TERM

SML

|get_spec pinsertg;

Hol Output
valit = 8xya
‘ : x2fg ™ x2Universe® (x2Insertya, x=Yy_x2a):THM
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13.3 Speci cation

Create a new theory, e.g. :
SML
|open_theory "usr013";
‘new_theory "usr013X";

Write a speci cation in HOL of a function to add the elemerts of a list of numbers.

HINT: if your speci cation goesin as a \Constspec" then the system could not prove it con-
sistert, and its probably either wrong or poorly structured. Try to make it clearly “primitiv e
recursive'.

Useit to \evaluate" the term plist_sum[1;2;3;4;5]q.

‘ rewrite _conv[get_specplist _sumq]
‘ plist_sum [1;2;3;4:5]q;

13.4 Forward Pro of

1. Using) _elim and asm_rule prove:

(@ b) c;a) bja c
(b) a) b) c;a;b’ ¢

2. Using 8_elim with : _plus1l_thm prove:

@ :0+1=0
(b) * x x+1=0

3. Using all _8_elim with  _trans_thm prove:
@ m i"i n)mn
4. Using list _8_elim prove:

(@) (with : _lessthm) :0<1, 1 O
(b) (with _trans_.thm) 8n 3 x*x”x*x n) 3 n

5. Using all _8_elim, strip _~ _rule, nth, all _8_intro:

(@ (with _clause9™ 8imn i+ m i+n, m n
(b) (usinglist_8_intro)> 8 min i+ m i+n, m n

13.5 Rewriting with the Subgoal Package
1. seta goal from the exampleson set theory, e.g.:

SML

‘set_gcal([];pa n(b\ ¢)=(anb)[ (anc);
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2. rewrite the goal using the current proof context:
SML
|a (rewrite _tacf]);
3. step badk using undo:
SML
lundo 1;
4. now try rewriting without using the proof context:
|a (pure_rewrite_tac[]);
(this should fail)
5. try rewriting one layer at a time:
SML
|a (once_rewrite_tac(]);
repeat until it fails.
6. now try rewriting with speci ¢ theorems:
SML
set.gal([l;pan(b\ c) = (anb)[ (anc)a);
a (pure_rewrite _tac[sets_ext_clauseg);
a (pure_rewrite_tac[set_dif _def]);
a (pure_rewrite_tac|\ _def; [ _def]);
a (pure_rewrite _tac[set_dif _def]);
7. nish the proof by stripping:
SML
|a (REPEAT strip _tac);
8. extract the theorem
SML
|top_thm ();
9. repeat the above then try repeating:
SML
| pop_thm ();
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13.6 Combining Forward and Backward Pro of

Prove the following results by rewriting using the goal package:

(for eath example, try the methods which worked on the previous examples rst to seehow they fail
before following the hint)

Prove:
SML
|set.geal(llipx + y = y + x0);
1.
SML
set.gal([lipx + y + z = (x + y) + zq);
2.
SML
setgal([lipz + y + x = y + z + xq);
3.
SML
‘set_gcal([];px ty+z=y+ z+ X0,
4.
SML
‘set_gcal([];px +y+z+v=y+ v+ z+ XQ);
5.
Hints:

1. try rewriting (with nothing but the default rewrites)
2. try using plus_ass@_thm

3. try using plus_assa@_thml

4. try using 8_elim with plus_assa@_thml

5. try using 8_elim with plus_order_thm
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13.7 Stripping

Usethe examplesfrom Principia Mathematica & ZRM given earlier, e.g.:
SML

| setgal(l;pp ~ q) (P, 9a);
with

| a strip _tac;

and/or
SML

| a step_strip _tac;

Obsene the stepstaken and try to identify the reasonsfor discharge of subgoals.
Now selectthe weakest \pro of context":
SML

push_pc "initial ";
and retry the examples(or previous exercises).

When you have nished restore the original proof context by:
SML

| pop-pc();

13.8 Induction

Prove the following results using the subgoal package.

1. Appending the empty list hasno e ect

SML

‘set_gcal([]; psll 11 @[] = I1q);

2. \Reverse" distributes over \@" (sort of)
SML

|set_geal([]; p8I1 12
‘ Rev (I1 @12) = (Rev 12) @ (Rev I11)Q);

3. \Map" distributes over \@"

|set_gaal([]; ps8f 11 12
‘ Map f (I1 @I2) = (Map f 11) @ (Map f 12)q);

4. \Length" distributes over \@"

SML

|set.geal([]; p8I1 12 Length (11 @12)
| = Length 11 + Length I20);

Hints: You will needthe result provenin the tutorial text concerningassaiativit y of append (append.
ass@_thm). The result of the rst exerciseis alsorequired in the remaining problems.
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13.9 TACTICALs

1. Write a tactic which doesstrip _tac three times.
test it on:

‘set_gcal([];p(a) b) ¢) a) b) cq);
setgaal(;p(a) b)) a) ca);

2. Write atactic which doesstrip _tac up to 3 times.
Try it on the sameexamples.

3. Write a tactic which takestwo argumerts:

a term which is a variable
a list of theorems

and performs an inductiv e proof of a theorem concerninglists by:

stripping the goal
inducting on the variable
rewriting with the assumptionsand the list of theorems

Useit to shorten the earlier proofs about lists.

13.10 strip_asm_tac etc.

1. Usestrip _asm_tac (with 8_elim and N_casesthm) or casestac to prove

(@) 8x (if x = 0 then1 elsex) > 0

(b) 8xy (f x<y+ 1lthenxelsey) <y + 1
(c) Baba (if a bthenbelsea)

(d 8a=0_1 a

2. Using (i) swap.asm_concl_tac and (i) lemma_tac give two di erent proofs of eadt of:

(@ Bxyx y) P(xy)) Byx=y) P(Yy)
b)) Bxyfx fy) x vy)) Byfx=Ffy) x vy)

13.11 Forward Chaining

1. Experiment with the various all - and asm_ variants of fc_tac to prove the following goals:
(@) (using _trans_thm)

| 8abcda b”A"b c¢c”c d) a d
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(b) (no theorem required)

‘ 8XYZX Y~Y Z) X Z
In eath case,what is the minimum number of applications of a forward chaining tactic required
and why?

2. Can you useforward chaining to simplify the proof of the following examplefrom exerciseslO:
@Bxyfx fy) x y)) @Gyfx=Ffy) x y)

13.12 Pro of Contexts

1. Using REPEAT strip _tac and asm_rewrite _tac prove
Bxy f(x;y) = (yv;x))) 8xy f(f (x;y)) = (x;y)

Apply the tactics one at a time rather than using THEN . Now set the proof context to
\ predicates" using set_pc and prove it again. What di erences do you obsene?

Set the proof context back to \ hol2" when you've nished.
2. Prove the following

@ f(x;y)i:x=0"y=2xg f(x;y)jx<yg

(b) f(x;y)ix 27y=2xg f(x;y)jx+1<yg

©A[BYC)=(A[ B)\ (A C)

(d 8mfijm i~i<m+ 3g=1Ffm; m+1; m+2g

(e)fi j5i=261ig= f0g

13.13 Case Study

First of all executethe new_theory command and the 4 paragraphs of the vending machine speci -
cation.

1. Execute the de nition of run_vm:

SML

val run_vm = rewrite_conv[get_specpvmg; get_specpMkVM _Stateq];

Experiment with the model by using run_vm to seewhat it doeson various test data. What
doesthe vending machine do if the price is setto 0?

2. Prove that the model of the vending macdhine satis es its critical requiremerts. l.e., prove:
vm 2 vm _ok
Hints:

(&) Try REPEAT strip _tac

(b) Try rewriting with the de nitions of any of MkVM _State, vm, vm_ok or worth which
appear in the goal.
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(c) let-expressionsmay be eliminated by rewriting with let_def.
(d) Is there an if -term in the goal? Can you use N_casesthm or less casesthm (together
with strip _asm_tac and 8_elim or list _8_elim) to perform the relevant caseanalysis?

(e) If you believe the goalis true by dint of arithmetic facts alonetry:

| PC_T1 "lin _arith" asm_prove_tac[]

(f) If none of the above hints apply, do you have an if -term which could be simplied us-
ing an \obvious" arithmetic consequenceof your assumptions. If so set the \obvious"
consequencealp asalemmawith lemma_tac.

13.14 Adv anced Techniques

1. Usecontr _tac, and spec_asm_tac and rewriting prove that there is no greatest natural number:
SML

|set geal([l; p8mM 9n m < nq);

(Hint: m< m+ 1).

2. Rather than using contr _tac, it is often more natural to prove goalswith existertially quanti ed
conclusionsdirectly. 9_tac lets you do this by supplying a term to act as a \witness". Use
9_tac to give a more natural solution to the previous exercise:

SML

set.geal([l; p8m 9n m < nq);

3. Provethat there is no onto function from the natural numbersto the set of all numeric functions
on the natural numbers:

SML

set geal([; p8f : N'! (N! N)9g 8i: fi = go);

(Hints: Note that for f of the abovetype, j (fjj)+ 1 cannotbein the rangeof f. Rewriting
with ext_thm is useful for reasoningabout equations betweenfunctions.)

4. It canhappenthat an equation is the wrong way round for useasa rewrite rule. The usual means
for dealing with this type of problem is the conversion eq_sym_conv. Like other corversions
this may be propagated over a term using the conversionals MAP _C and ONCE _MAP _C.
Execute the following lines one at a time to seewhat happens:

leq-sym_conv pl + 1 + 1 = 3q;
|eg_sym_conv p8x x + X + X = 3 X
|ONCE_MAP _C eg_sym_conv p8x X + X + X = 3 Xg,

A corversion may be converted into a tactic using conv_tac. Usethis and the conversion and
cornversional you have just experimented with together with the tactics swap.asm_concl_tac
and the theoremsext_thm and comb_k_def to prove the following:

SML

|set geal([]; p8f:%@! b! % (8xy x = f xy)) f = CombKa);

(Hint: take careto avoid looping rewrites by using the \once" rewriting tactics while you look
for the proof.)

¢ Lemma 1 Ltd. 2000 PPT ex-2.7.6 - HOL Tutorial Notes USRO013



13.14. Adv anced Techniques 109

5. A common way of using a theorem is to to strip it into the assumptions. This is done with
strip _asm_tac. Very often one specialisesthe theorem with 8_elim or list _8_elim before strip-
ping it in and sometimesone may wish to userewrite_rule to rewrite it too. Usethe theorem
div_mod_unique_thm in this way to prove:

SML

|set.geal({l; p8i j 0 < i) (i j)Divi=ja)

(Hints: rewrite the theorem with times_comm_thm suitably specialisedto identify subterms of
the formi j andj i into the sameform; usethe technique of the previous exerciseto avoid
a looping rewrite with the assumption added by strip _asm_tac).

6. Execute the following paragraph to de ne a function  which mapsi to the sum of the rst i
positive integers:

HOL Constan t

N1 N

0=0
A8 (i+1) = 0+ (i + 1)

The consistencyof this paragraph should be proved automatically. Ched this by using get_spec
to getthe de ning axiomfor , which should have no assumptions. Prove the following theorem:

SML

set geal([]; p8i i = (i (i + 1)) Div 2q);

(Hint: useinduction to prove alemmathat i (i+ 1)=2 i and then usethe result of the
previous exercise;the lemma may be proved by rewriting with assumptionsand the de nition
of and then using the proof cortext lin _arith .)

7. Construct a paragraph de ning a function  such that for positivei, i isthe i elemer of the
Fibonaccisequencel;1;2;3;5;:::, where eadh number is the sum of the previous two. Does
the systemautomatically prove the consistencyof your de nition?

8. If you did the previous exercise,deletethe function you de ned (using delete_const). Enter the
following paragraphswhich de ne  using an auxiliary function

HOL Constan t

:N! (N N)
0=(0;1)
A 8i (i+1)=let(a;b)= iin (b;a+ b
HOL Constan t
‘ N! N
|
| 8i i =Fst( i)
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Thesede nitions are proved consistert automatically. Prove that doesindeed compute the
Fib onacci numbers:

set.gal([]; p
0=0
A 1=1
A 8i (i+2)= (i+1)+ i
a);

(Hints: rst rewrite with the de nition of ; then prove a lemma or lemmasshowing how 1
and (i + 2) may berewritten sothat the de nition of may be usedto rewrite them.)

9. The approad of the previous exercisehas the disadvantage that the speci cation was not as
abstract as one might like. A cleanerapproac is to usethe obvious de nition of , and then
prove that it is consistert using a function  which is only intro duced as a variable during the
course of the proof. The tactic prove_9_tac gives accessto the medcanismsthat the system
usesin its attempt to prove that paragraphsare consisten.

We demonstrate the above technique in this exercise.

First of all, deletethe function that you de ned in the previous exercise(using delete_const,
which will alsocause to be deleted).

SML

delete_constp q;

Enter the following paragraph which givesthe natural de nition of

HOL Constan t

N!T N

|
|
\ 0=0
\A 1=1
\A 8 (i+2)= (i+1)+ i

Examine the theoremthat get_spec returns for , it hasa consistencycaveat asan assumption.
Discharge this consistencycaveat as follows:

First of all go into the subgoaling package using the following command:

push_consistency_galp q;

Now set as a lemma the existenceof a asin the previous exercise;the lemma is proved
immediately by prove_9_tac and you canthen use9_tacp i Fst( i)q followed a proof almost
identical with the previous exercise(hint: rewrite_tac will eliminate the -redexesintroduced
when you apply 9_tac). Save the consistencytheorem using the following command:

save consistency_.thm p g (pop_thm());

If you now examine the theorem that get_spec returns for , you should seethat it no longer
has an assumption.

(Note: the variable name " ©, created by decorating * ' is displayed by the pretty printer as
$\ O sinceit violates the HOL lexical rules for identi ers. The parser will acceptidenti ers
violating the normal lexical rules if they are preseried in this way.)
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13.15 Supplemen tary Exercises

13.15.1 Linear Arithmetic

Prove that any amourt of money greater than sewen certs can be made up from three and v e cent
coins.

This example cameto us from SRI.

Hint: Conduct the proof in proof context “hol2', invoking “lin_arith' only when needed. Use proof by
induction. In the step caseusea casesplit on whether there are any v e cert coinsin the solution
assumedfor the induction variable piq and construct your witness for pi+1 q accordingly.
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SOLUTIONS TO EXER CISES

No solutions are provided for those exercisesvhosenature is exploratory rather than problem solving.

Nevertheless,section headingsare included for those exercises,so that the corresppndencebetween
sectionsin this Chapter and Chapter 13 is maintained.

14.1 Easy Pro ofs
14.2 HOL Theory Explorations
14.3 Speci cation

14.4 Forward Pro of

SML

( 1(a) )

val extl_thml = asm_rule pa) bq;

val extl_thm2 = asm_rule pb) cq;

val extl_thm3 = asm_rule pa:BOOL(;

val extl_thm4 =) _elim extl_thml extl_thm3;
val extl_thm5 = ) _elim extl_thm2 extl_thm4;
( 1(b) )

val ext2_thml
) _elim (asm_rule pa) b) cq)(asm_rule pa:BOOLQ);

SML

( 2(a) )

val ext3_thm1l

( 2(b) )

val ext4_thml = 8_elim px xq: _plusl_thm;

8_elim p0q : _plusl_thm;

SML

( 3(a) )

‘val ext5_thml

all_8_elim _trans_thm;

SML

( 4a) )

‘val ext6_thml

( 4() )

‘val ext7_thml

list_8_elim [pOqg;plq] : _less.thm;

list_8_elim [p3g;px xqg] _trans_thm;
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SML

\( 5(a) )
‘val ext8_thml
‘val ext8_thm2
\( 5(b) )
‘val ext8_thm2

strip _~ _rule (all_8_elim _clauses;
all _8_intro (nth 3 ext8_thml);

list _8_intro [pmgq;piqg;png](nth 3 ext8_thml);

14.5 Rewriting with the Subgoal Package

14.6 Combining Forward and Backward Pro of

1.:
SML
|set gaal([l;px + y = y + x0);
|a (rewrite_tac]);
2.
SML
set.gaal([lipx + y + z = (x + y) + zq);
‘a (rewrite _tac[plus_ass@_thm]);
3.:
SML
setgal([l;ipz + y + x = y + z + xq);
|a (rewrite_tac[plus_asse_thm1]);
4. .
SML
setgal([lipx + y + z =y + z + xq);
‘a (rewrite_tac[8_elim pyq plus_ass@_thm1]);
5.:

SML
‘set_gcal([];px +y+z+v=y+ v+ z+ XQ);
‘a (rewrite _tac[8_elim pxq plus_order_thm]);

14.7 Stripping

14.8 Induction

SML
set.gal([];p8ll 11 @[] = 110); ( no:l )
a strip _tac;
a (list _induction _tac pllq
THEN asm_rewrite_tac [append_def]);
val empty_append_thm = pop_thm();
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SML
set.gal([];p811 12 Rev (11 @I12) =
(Rev 12) @ (Rev 11)q); ( no:2 )
a (REPEAT strip _tac);
a (list _induction _tac pl1q THEN asm_rewrite_tac
[append_ass@_thm; empty_append_thm;
append_def; rev_def]);
val rev_distrib _thm = pop_thm();

SML
set.gaal([l;p8f I1 12 Map f (11 @I12) =
(Map f I11) @(Map f 12)qg); ( no: 3 )
a (REPEAT strip _tac);
a (list _induction _tac pl1g THEN asm_rewrite _tac
[map_def; empty_append_thm; append_def]);
val map_distrib _thm = pop_thm();

SML
set_gaal([];p8I1 12 Length (I1 @I12) =
Length I1 + Length 12Q); ( no:4 )
a (REPEAT strip _tac);
a (list _induction _tac pl1g THEN asm_rewrite_tac
[append_def; length_def; plus_ass@_thm]);
val length_distrib _thm = pop_thm();

149 TACTICALs

SML

|( no:1 )

‘val strip3 _tac = TRY _T strip_tac THEN strip_tac THEN strip _tac;
set.gal(llip(a) b) c)) a) b) co;

‘a strip3 _tac;

SML

( no:2 )

val stripto3 _tac = strip _tac THEN _TRY strip _tac
THEN _TRY strip _tac;

setgal([lip(a) b)) a) cq;

a stripto3 _tac;
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SML

( no:3 )

fun list _induct _tac var thl =
REPEAT strip _tac
THEN list _induction _tac var
THEN _TRY asm_rewrite_tac thl;

set_gaal([];p8I1 12 I3

(1 @12) @13 =11 @(12 @13)0q);
a (list _induct_tac pl1:% LIST q [append_def]);
val append_ass@_thm = pop_thm ();

set_gaal([]; p8l1:% LIST 11 @[] = 11q);
a (list _induct_tac pl1:% LIST q [append_def]);
|val empty_append_thm = pop_thm();

14.10 strip_asm_tac etc.

SML

( (a) )
set_gaal([]; p8x (if x = O then 1 elsex) > 0Q);
a(REPEAT strip _tac);
a(strip _asm_tac(8_elimpxgN_casesthm) THEN asm_rewrite _tac[]);
pop_thm();

SML

( (b))

setgal([]; p8x y (if x <y + 1 thenx elsey) <y + 1Q);
a(REPEAT strip _tac);

a(CASES_T px < y + 1 rewrite_thm _tac);

pop_thm();

SML

( (© )
set.gal(]; pBa b a (if a b then b elsea)q);
a(REPEAT strip _tac);

a(CASES_T pa bq rewrite_thm _tac);
pop-thm();

SML

( (d) )
setgal(]; pPBa a=0 _1 aq)
a(strip _tac);
a(strip _asm_tac(8_elimpagN_casesthm) THEN asm_rewrite _tac[]);
pop-thm();
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With swap.asm_concl_tac:

set_gaal ([]; ( ()@ )

pxy x y) P(xy)) By x=y) P(xy)a);
a(REPEAT strip _tac);

a(list _spec_nth _asm_tac 2[pxq; pyq);

a(swap.asm_concl_tac p: X

yq THEN asm_rewrite _tacl]);
pop-thm();

set_gaal ([]; ( (i)b) )

pBxy fx fy) x y)) Byfx=Ffy) x
a(REPEAT strip _tac);

a(list _spec_nth_asm_tac 2[pxq; pyd]);
a(swap.asm_concl_tac p: f x
pop-thm();

y)a);

f yq THEN asm_rewrite_tac[]);

With lemma_tac:
SML

set_gaal ([J; ( ()@ )

pExy x y) Pxy)) Byx=y) P y)a);
a(REPEAT strip _tac);

a(lemma_tacpx yq THEN1 asm_rewrite_tacl]);

a(list _spec_nth_asm_tac 3 [pxq; pyq);

pop_thm();

set_gaal ([]; ( (ii)b) )
pBxy fx fy) x y)) Byfx=Ffy) x
a(REPEAT strip _tac);

a(lemma_tacpf x f yq THEN1 asm_rewrite_tac[]);
a(list _spec_nth_asm_tac 3 [pxq; pyq);
pop_thm();

y)a);

14.11 Forward Chaining

SML

setgal([]; pBabcda b~b c~c d)
( 1(a) )

a da);

a(REPEAT strip _tac);

a(all _fc_tac[ _trans_.thm] THEN all_fc_tac[ _trans_thm]);
pop_thm();
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SML

setgoal(l; p8X Y Z X Y AY Z) X Zq); ( 1(b) )
|a(REPEAT strip _tac);

‘a(all _asm_fc_tac[] THEN all _asm_fc_tac[]);

|pop_thm();

In both casesat least 2 applications of forward chaining are neededsincea result from one forward
chaining passmust be addedto the assumptionsto \seed" the secondpass.

SML

set_gaal([l; (2)

pBxy fx fy) x y)) Byfx=Ffy) x y);
a(REPEAT strip _tac);

a(lemma_tac pf x f yq THEN1 asm_rewrite_tacl]);

a(all _asm_fc_tacl]);

pop-thm();

14.12 Pro of Contexts

SML

(1)
set.gaal([]; p(8x y f(x;y) = (y; x)) ) 8xy f(f (x;y)) = (X; y)a);
a(REPEAT strip _tac);

( Goal "1" )
a(asm_rewrite _tac[]);

( Goal "2" )
a(asm_rewrite _tac[]);

| pop_thm();

set_pc" predicates’;

set.gal([l; p(8x y f(x;y) = (y;x)) ) 8xy f(f (x;y)) = (x;y)a)
a(REPEAT strip _tac);

a(asm_rewrite _tac[]);

pop-thm();
set_pc" hol2";

The secondproof is shorter becausethe proof context predicates doesnot causeequations between
pairs to be split into pairs of equations.
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SML
(2)

map (merge_pcs_rulel["hol2"; "lin _arith "] prove_rule[]) [
( @ ) pfx;y)jix=0"y=2xg f(x;y)]jx<ygq
( (b)) pfx;y)ix 27y=2xg f(xy)jx+1<ygq
( (d) ) p8m fi jm i ~i<m+ 3g="fm; m+1; m+2gq;
( (e ) pfi j5 i =6 ig= fOgd];
( () ) pc_rulel "sets extl" prove_rule]]

pPALl BN C)= (Al B)\ (A C)g

(Alternativ ely, usethe subgoalpadkageand PC _T1.).

14.13 Case Study

The following test casesched out ead branch of the if -terms in the de nition of vm:

Branch 1: out of stock: the machine refunds any cashtendered.

SML

run_vm pvm (MkVM _Statet 0 p ct)q;

Branch 2: in stock; cashtendered is lessthan the price: the machine waits for more cashto be
tendered:

SML

run_vm pvm (MkVM _Statet 20 5 2)q;

Branch 3: in stock; cashtenderedis equal to the price: the machine dispensesa chocolate bar and
adds the cashtenderedto its takings:

SML

run_vm pvm (MkVM _Statet 20 5 5)q;

Branch 4: in stock; cashtendered exceedsthe price: the macdine refunds the cashtendered:

SML

run_vm pvm (MkVM _State t 20 5 6)q;

If the price is setto 0, the machine rst refundsany cashtenderedand then givesaway all the stock!
SML

run_vm pvm (MkVM _Statet 4 0 6)q;

run_vm pvm (MkVM _Statet 4 0 0)q;

run_vm pvm (MkVM _Statet 3 0 0)q;

run_vm pvm (MkVM _Statet 2 0 0)q;

run_vm pvm (MkVM _Statet 1 0 0)q;

run_vm pvm (MkVM _Statet 0 0 0)q;

Now we shaw a proof against the “critical requiremerts’.
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SML

set_gal([]; pvm 2 vm_okq);

( Goal " : Expand de nitions and let terms: )

a(rewrite_tac [get_spec pvm_okq; get_specpvmg;
get_specpMkVM _Stateq; let_def]);

( Goal "™ : remove outer universal quantiers )
a(REPEAT strip _tac);

( Goal " : case split on the amount of stock:
s=0_s=1i+ 1for somei )
a(strip _asm_tac(8_elimpsq N_casesthm) THEN asm_rewrite _tac[]);

( Goal "1":s=0 )
a(asm_rewrite _tac[get_specpvalueq; get_specpMkVM _Stateq));

( Goal "2":casespltonct< p:ct<p_ct=p_p<ct )
a(strip _asm_tac(list _8_elim[pctq; ppq] less_cases thm));

( Goal "2:1":ct < p: )
a(asm_rewrite _tac[get_specpMkVM _Stateq]);

( Goal "2:2":ct = p: )
a(asm_rewrite _tac[get_specpvalueq; get_specpMkVM _Stateq));
a(PC_T1 "lin _arith" asm_prove_tacl]);

( Goal "2:3":ct>p:ned:ct< p”: ct=pto evaluateif )
a(lemma_tac p: ct < p " : ct = pq THEN1

PC_T1 "lin _arith" asm_prove_tacf]);
a(asm_rewrite _tac[get_specpvalueq; get_specpMkVM _Stateq));

val vm_ok_thm = pop_thm();

14.14 Adv anced Techniques

For running thesesolutionsin batch we needto askfor the warning arising from deletion of constarts
to be ignored:

SML

‘set_ ag ("ignore_warnings"; true);
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SML

|( no:1 )

|set geal([l; p8mM 9n m < nq);

|a(contr _tac);

‘a(spec_asm_tacpS n : m < ngpm+1Q);
val thm1 = pop_thm();

SML

( no:2 )

set_gal([]; pBMm 9n m < nqQ);
a(REPEAT strip _tac);
a(9_tacpm+ 1q);

a(rewrite _tacl]);

val thm2 = pop_thm();

SML

( no:3 )

setgaal([]; p8f : N! (N! N)9g 8i: fi = gq);
a(REPEAT strip _tac);

a(9-tacp j (fjJ)+ 1q);

a(rewrite _tac[ext_thm]);

a(REPEAT strip _tac);

a(9_-tacpiq THEN REPEAT strip _tac);

val thm3 = pop_thm();

SML

( no:4 )

set_gaal([]; p8f:%a! B! % (8xy x = f xy)) f = CombKa);
a (REPEAT strip _tac);

a (rewrite_tac[ext_thm; comb_k_def]);

a (swap.asm_concl_tacp8 x y x = f X yq);

a (conv_tac(ONCE _MAP _C eg_sym._conv));

a (swap.asm_concl_tacp: f x x%= xq THEN asm_rewrite_tacl]);
val thm4 = pop_thm();

SML
( no:5 )
set.gal([l; p8i j 0 < i) (i J)Divi = jaq;
a (REPEAT strip _tac);
a (strip _asm_tac(
rewrite _rule[8_elimpj gtimes_comm_thm]
(list_8_elim[pi jqg; piqg; pjq; pOg] div_mod_unique_thm)));
a (swap.asm_concl_tacpj = (i j) Div iqg THEN
(conv_tac(ONCE _MAP _C eg_sym_conv)));
a (strip _tac);
val thm5 = pop_thm();
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SML

( no:6 )

setgal(]; p8i i = (i (i + 1)) Div 2q);
a (REPEAT strip _tac);

a (lemmattacpi (i + 1) = 2 iq);

( Goal "1" )

a (induction _tacpiq THEN asm_rewrite _tac[get_specp q));
a(PC_T1 "lin _arith" asm_prove_tacl]);

( Goal "2" )

a (asm_rewrite _tac[rewrite_rule[](list _8_elim[p2q; p iq]thm5)]);
val thm6 = pop_thm();

SML

|( no:7 )

The obvious way of de ning the Fibonaccifunction is not automatically proved consistert:
SML

|deleteconstp g;

HOL Constan t

N! N
0=0

A 1=1

A8 (i+2) = (i+1)+ |

SML

|get_specp g;

SML
delete_constp q;
( no:8 )

HOL Constan t

“N! (N N)

0= (0;1)
A8 (i+1)=let (a;b) = iin (b;a+ b)

HOL Constan t

N!T N

8 i=Fst( i)
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SML

set.gal([]; p
0=0
A 1=1
A 8i (i+2) = (i+1)+ i
a);

a (rewrite_tac[get_specp d]);
a (lemmatacp 1= (0+ 1)~ 8 (i +2)= ((i+1)+1)q);

( Goal "1" )
a (rewrite_tac[plus_assa@_thm]);
( Goal "2" )

a (pure_asm_rewrite_tac[get_specp q; let_def] THEN rewrite_tacl]);
val thm8 = pop_thm();

SML
( no:9 )
delete_constp q;

HOL Constan t

N! N
0=0

A 1=1

A8 (i+2) = (i+1) 4+ |

SML

get.specp ¢
push_consistency_galp q;
a (lemma_tacp9

0=(0;1)
A 8i (i+l)=let(a;b)= iin (b;a+ b)
a);
( Goal "1" )
a (prove_9_tac);
( Goal "2" )

a (9_tacp i Fst( i)q);
a (rewrite_tacf]);
a (lemmatacp 1= (0+ 1) 8 (i +2)= ((i+1)+1)q);

( Goal "2:1" )
a (rewrite_tac[plus_ass@_thm]);
( Goal "2:2" )

a (pure_asm_rewrite _tac[let_def] THEN asm_rewrite_tac[]);
save consistency-thm p g (pop-thm());

get_specp g
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14.15 Supplemen tary Exercises

14.15.1 Linear Arithmetic

SML
(open_theory "usr013" handle _ => (open_theory "hol"; new_theory "usr013"));
new_theory "Shankar Rushby International ";

set_pc "hol2";

set.gal([]; p8 i:N i>7 ) 9three ve:N 3 three + 5 ve

1
0
e

Pro ofP ower output

Now 1 gaal on the main gaal stack

( Goal ™ )

(? ) p8i i>7) (9three ve 3 three+ 5 ve =1i)q
First we do induction on piq rewriting the resulting conclusionswith the assumptions. This solves
the induction basecaseand leavestwo subgoalsrelating to the step case.

SML

‘a (strip _tac THEN induction _tac pi:Ng THEN asm_rewrite _tac[]);

Pro ofP ower output

Tactic produced 2 sulgaals:
( Goal "2" )

(1 ) p3 three+5 ve =iq

(? ) pr<i+1l) (9three ve 3 three+ 5 ve =i+ 1)q
( Goal "1" )

(1) p 7<iq

(7 )pr<i+1) (9three ve 3 three+ 5 ve =i+ 1)q

Now we prove the lemma pi = 7q by linear arithmetic and rewrite with it.

SML

‘( Goal "1" )

‘a (strip_-tac THEN LEMMA _T pi = 79 rewrite_thm _tac
| THEN1 PC_T1 "lin _arith” asm_prove tacl]);
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Pro ofP ower output

Tactic produced 1 sulgaal:

( Goal "1 )

—~

2 ) p: 7<iq
(1) p7r<i+ 1q

(? ) p9three ve 3 three+ 5 ve = 8¢

Next we supply the obvious witnessfor this existertial and prove the resulting subgoalautomatically.

SML

‘a (MAP _EVERY 9_tac [plqg;plqg] THEN prove_tacl]);

Pro ofP ower output

Tactic produced 0 sulgaals:
Current gaal achieveal; next gaal is:

( Goal "2" )

(1 ) p3 three+ 5 ve =g

We now eliminate the variable pig and strip down to the existertial:
SML
‘( Goal "2" )
|a (all _var _elim _asm_tacl THEN strip _tac);

Pro ofP ower output

Tactic producd 1 sulgaal:
( Goal "2" )

(1 ) pr< (3 three+5 ve)+ 1q

( 2 ) p9three® ve©
| 3 three®+ 5 vel= (3 three+ 5 ve)+ 1q

Then we do a casesplit on whether ve is zero:

SML

‘a (strip _asm_tac (8_elim pve g N_casesthm)
| THEN asm_rewrite _tac[]);
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Pro ofP ower output

Tactic produced 2 sulgaals:
( Goal "2:2" )

( 2 ) pr< (3 three+5 wve)+ 1q
(1) pve =i+ 1q

( 2 ) p9three ve©

( Goal "2:1" )

( 2 ) pr< (3 three+5 wve)+ 1q
( 1 ) pve =0g

(7 ) p9three® ve® 3 three®+ 5 ve®= 3 three + 1q

3 three®+ 5 ve®= (3 three+ 5 (i + 1)) + 1q

In this caseit is most conveniert rst to prove that pthree 3q using linear arithmetic, and then

rewrite this result to give a witness 3 lessthan three:
SML
\( Goal "2:1" )
‘a (LEMMA _T pthree  3q (strip _.asm_tac o rewrite_rule [ _def])
| THEN1 PC_T1 "lin _arith" asm_prove tacl]);

Pro ofP ower output

Tactic produced 1 sulgaal:
( Goal "2:1" )
( 3 ) p7r< (3 three+5 wve)+ 1q

( 2 ) pve = 0q
(1 ) p3+ i = threeq

(7 ) p9three® ve® 3 three®+ 5 ve®= 3 three + 1q

The witness piq is how usedin the existenceproof:

SML
|a (MAP _EVERY 9 _tac [pig; pve +2q]
| THEN PC_T1 "lin _arith" asm_prove tac[]);
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Pro ofP ower output

Tactic produced O sulgaals:
Current gaal achieval; next gal is:

( Goal “2:2" )

( 2 ) pr< (3 three+5 ve)+ 1q
1 ) pve =i+ 1q

—~

( 2 ) p9three® ve©
3 three®+ 5 ve®= (3 three+ 5 (i + 1)) + 1q

This subgoalis proved in a similar way but with di erent witnesses:
SML
‘( Goal "2:2" )
|a (MAP _EVERY 9 _tac [pthree+2q; pid]
| THEN PC_T1 "lin _arith" asm_prove tac[]);

Pro ofP ower output

| Tactic produced O sulgaals:
|Current and main gaal achieve

SML

|save pop-thm(" cents_thm");

Pro ofP ower output
‘Now 0 gaals on the main gaal stack
valit = 8i i>7) (9three ve 3 three+ 5 ve =i):THM
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